DISCUSSION GROUP # 12
WHAT IS QUALITY MATHEMATICS TEACHINGRESEARCH?

MATERIALS FOR DISCUSSION.

Below there are 5 teaching-research reports from different
teaching-research schools of thought. Our task will be to
identify Quality in these reports in order to develop a model of
Quality Teaching-Research activity. While looking at the
reports, please, ask yourself two questions:
1. Where is Quality in each?
2. How could the level of Quality be increased?
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ABSTRACT
When teaching becomes research, every didactic situation becomes “rich soil” for
reflection on the multiple forms that characterize the dynamic interaction between the
subject and the object of education. In this paper we discuss cultural tools that a teacher
needs, to become an autonomous reflective practitioner. We illustrate how the
theoretical framework influences the meaning itself of reflection in action, and we
present three brief episodes of the training process we experienced within the PDTR
project.

INTRODUCTION
One of the main expected issues of PDTR project is expressed by the following
sentence
… engaging classroom teachers of mathematics in the process of systematic, research-based
transformation of their classroom practice… to… the transformation of mathematics education
towards a system which, while respecting the standards and contents of the national curriculum,
should be more engaging and responsive to students’ intellectual needs, promoting independence
and creativity of thought, and realizing fully the intellectual capital and potential of every student
and teacher.

But we discovered, comparing ourselves with our colleagues from other
countries that the meaning of required transformation can be very different for different
people. In the paper we want to propose an interpretation given by the Naples group. At
first, we have to clarify that we refer to teachers’ image drawn in Malara (2008):
teachers cannot be simple knowledge conveyors any longer but they assume the more
complex character of decision makers. In particular, they have to plan teaching
trajectories that foster students’ conceptual constructions, to create an environment that
enables the development of students’ argumentation and the sharing of ideas; to choose
the communicative strategies to be adopted in classroom interaction (Malara, 2008); to
listen to various voices in the classroom, catching intuitions, emotions, difficulties, to
analytically observe themselves in the development of the action, to consciously take
micro-decisions.
Many authors (see e.g. Schön, Mason, etc.) identify the attitude of reflecting on
one’s own classroom practice as the main tool for changing from “knowledge
conveyors” to “decision makers.” But reflecting on a process requires some a priori
“lens” or reference theory about the teaching-learning process and its global goals.
Moreover, it is influenced by teachers’ beliefs on what mathematics is as a discipline,

327

what kind of links mathematics has with reality, with natural cognitive processes, and so
on.
The work of the Naples teachers’ group is deeply rooted in two previous
(lasting more then ten years) national projects1 on curricular innovation and teachers
training in scientific and mathematical areas in compulsory school. Successful strategic
choices for the transformation of both mathematics education of students and teachers’
classroom practice, have been firstly shaped within that multi-year, multi-classroom
action-research, and they are currently refined, by classroom research correlated to
progressive adjustment of teachers’ training, as ways-to-look-at cultural transmission.
We experienced the process toward Schön-like reflective practitioner in the
PDTR project that was drawn on the basis of this cultural background. In the next
section we will synthesize the main theoretical issues of previous research. In section 3
we will present some excerpts from the professional training process of three different
teachers in three different classrooms. Our aim is to illustrate the role of our specific
theoretical framework in the enrichment and deepening of teachers' aptitude to reflect on
their own practice.
2. THEORETICAL FRAMEWORK AND METHODOLOGICAL CHOICES
A reasonably satisfactory model of cognitive dynamics, adjusted to nonspecialist knowledge levels, plays a key role in both teachers’ training and the teaching
process. The model we refer to, can be summarized as follows: (i) understanding is a
complex, long-term (longitudinal along years), and wide-range (transversal across
disciplines) process; (ii) understanding is critically mediated by purposeful adults’
involvement, to make credible and achievable the resonance between individual
cognition, social culture and world’s facts; (iii) understanding requires at any level a
constructive interference of the various dimensions of “natural thinking” i.e. perception,
language, action, representation, planning, interpretation, etc.; (iv) progress in
understanding in particular in science and mathematics areas is critically correlated to a
progressive metacognitive awareness of the modeling nature of any “scientific”
knowledge: in different but correlated senses, our culture, in fact, successfully splits into
“formal” and “factual” model-structures with their ability to account for, and to control,
the variety of phenomenic correlations.
These assumptions (Guidoni, Iannece & Tortora, 2005) lead the authors to
assign to teachers the main role of “resonance mediators” (Iannece & Tortora, 2008). In
other words, teachers’ first task is to recognize the always present different dimensions
of the learning process: the actual potentialities of individually developing cognitive
structures, the framing patterns supplied by implicitly as well as explicitly codified
cultures, and the constraints of reality. Then, on the basis of this analysis, they have to
draw cognitive paths efficiently addressed and controlled in their meaning-driven
dynamics. In Guidoni, Iannece and Tortora (2005) some crucial strategies for teachers’
training are indicated in these directions; such strategies have been refined within the
frame of PDTR project. Now, let us collect some of the key points of our work.
First of all, we planned the work of all teachers involved in the project on the
same disciplinary content, the numerical structures, in a longitudinal manner for students
aged 5-13, with the prevailing aim to analyze how the approach to numbers by students
and by their teachers changes as the age varies, and how the didactic mediation has to
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Projects “Capire si può (It is possible to understand)” and “Modeling to understand”.
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consequently change. The first outcome of this choice was the possibility, for teachers of
younger children to become aware of where they want them to go; and for teachers of
the older ones to understand the roots of some learning difficulties.
The second choice regards the learning environment that was socio-constructive
in the sense of Vygotsky for students as well as for teachers. In particular, the
collaboration among us (co-workers and mentors) was supported by the use of an elearning platform that gave us the possibility to share audio and video files of the class
activities; as well as our reflections, doubts and perplexities, and the solutions to
problems. The multimedia platform was crucial also because it gave everybody a shared
access both to specific disciplinary remarks by instructors, and to methodological
comment by mentors. Last but not least, we have stored nowadays an extremely rich
historical memory of our route.
With respect to the learning environment for children, we chose to be inspired
by Hawkins (1979) and Postman models (1973). This approach, closer to children needs,
allows them to participate actively in the process, employing their natural thought
strategies.
Activities based on problem-solving in circle-time, stimulated the curiosity,
memory and perception of the children, who can develop the abilities needed to discuss
their representations of mathematical structures, so they get used to reasoning and they
have to try their best to express them correctly. Moreover, the relaxed, competition-free,
game-like atmosphere lets all children to express themselves freely, outside of the
traditional class work schemes.
Finally, all our activities are planned taking into account that the contents of the
verbal and motor experience help to improve linguistic, logic-mathematical and
symbolical skills.
3. THREE EPISODES FROM RESEARCH IN ACTION
The first activity was planned for students, aged 5-6, to explore and improve
their natural knowledge about operations on natural numbers. They had already
experience of addition in N, so I decided to bridge them towards multiplication. As
usual, because of the very young age of children, I presented the classroom activity
through a story, “the Gluttonous King”2 that was told and dramatized. I wanted to
explore if the perception and the graphic representation of the “structure” of the story
(two sweets at a time…), might bridge students from addition to multiplication.
Assuming a Vygotskian perspective, I proposed a semiotic mediator of the
bidimensionality of multiplication, i.e. a tray divided into eight parts, where they had to
put sweets during their dramatization.

When the children were asked to represent the story with a drawing, most of
them performed the sequence of the 4 “trips in the woods,” making clearly visible the
sweets taken each time in this way:
2

The Gluttonous King story was written by Marina Spadea and it is reported in the Appendix.
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but they did not use Cartesian representation, which I took for granted. In fact, I was sure
that “the tray” should work as a semiotic mediator (Vygotsky, 1931) toward the
interiorization of the Cartesian representation. By reflecting on students issues, I
discovered that there is a big difference, from a cognitive point of view, between
working with a proposed representation and proposing one for one's own purposes.
Moreover, I realized that perhaps the failure of mediation is due to the fact that the tray
acted as a closed structure related only to that specific situation: the disposition of
sweets on the tray was for children just a representation of their story, not a symbolic
icon, as I supposed.
To solve the problem, I went back to our theoretical framework. Starting from
the observation that the temporal sequence of events belongs to children's conscious
experience (before/after, day/night), I decided to construct the need for a Cartesian
representation, as a tool to tell about a temporal repetition of identical actions. I worked
on performing different types of rhythms (the haunted castle from the ArAl 3 plan).
Working on rhythms in different ways, that is, playing with another natural cognitive
structure, the “narrative thought,” children soon and naturally recognized the Cartesian
representation as a tool to record patterns invariably repeating in the course of time.
A final observation: I already proposed to my children to work with rhythms
several times, but only now I discover that I can promote their algebraic thinking
through a graphic representation of the experience. As Rizzolatti and Sinigaglia (2006)
say, the origin of the comprehension of mathematical operations has to be searched
within the action schemes.
The second activity was proposed in a fourth-grade class. My aim was
twofold: from a didactic point of view, to allow students to reflect on properties of the
multiplicative structure, and from my own research point of view, I wanted to analyze if
and how children utilize the Cartesian representation as a semiotic mediator.
According to my habits, I proposed a “real” problematic situation, whose modelization
brings in arithmetic structures. In this particular case I invented a story of photos at the
zoo. I then suggested, in agreement with the colleagues of the project and with the
mentors, to use a scheme that makes evident the two dimensions of the multiplicative
structure. The initial scheme includes the characters of the story: 4 children that go to the
zoo to snap some photos to 3 animals.

3

The ArAl Project promotes a linguistic approach to algebra and generates motivation and awareness towards
the study of the objects of elementary algebra (relations, functions, equations) with a special emphasis on its
relational and structural aspects. (www.aralweb.it).
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In the next phase the images disappear and we obtain the following scheme. We
used such a scheme not only to tell the initial story but also a lot of new stories invented
by the children.
Things

Times
Then I decided to address the role of zero in multiplication. As I usually do, I
looked for “real” stories to support children in their construction of a meaning for the
operation. So, I proposed a movement activity where children were required to go back
and forth on the number line, but when I said: “Go forward 4 steps 0 times,”
Anna replied: I am not able to do this, I can't move... But what is the sense of the words “4 steps zero
times”? I would never ask someone to make 4 steps zero times.
Giovanni:
4 × 0 is not really a multiplication! A multiplication needs repetition of an action; it needs
the “times.”
Alessia:
The word multiplication is obtained putting together two words: multi that means a lot, and
action. Then multiplication means to carry on a lot of actions. But, when there is zero there
is no action, so we have to choose a new name... Perhaps we can still decide to call it
multiplication but with a different meaning...
Simone:
4 × 0 is as if the 4 were waiting to cross some line but the intersection doesn't happen and
then the result is zero.

In a sense, my students tried to convince me about the uselessness of my search
for a concrete situation that constitutes a metaphor for this operation. To my great
surprise, students revealed a natural aptitude to change their point of view, jumping from
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reasoning supported by observation to a logic argumentation. Alessia even analyzed the
structure of the word “multiplication” looking for the sense of the operation.
When analyzing with mentors my students’ reasoning, I became aware that not
all mathematics can be discovered starting from observation of the reality. In fact, there
are some rules that can be justified only by the necessity of an internal coherence of
mathematics as a discipline. But a still greater surprise was that my difficulties to leave
concrete motivations for mathematics rules were not shared by my students: for children
the acceptance of a sort of game rules led to generalization of already established
meanings.
The sequel of the activity designed and guided in collaboration with my
colleagues in the project and with the mentors, brought me and my students to
successfully facing a problem that I had never solved before: why is it impossible to
divide by zero?
In conclusion, during my participation in the project, I became aware of my
need in deepening my knowledge of mathematics, and in improving the cultural tools
that allow me to design and to manage a didactic mediation centered on natural cognitive
dynamics. Understanding, as different from learning, and motivation, as different from
acceptance, is strictly correlated, for students as well as for teachers: based on feelings
and feedback of competence in dealing with increasingly complex situations (Guidoni,
Iannece & Tortora, 2005).
The third activity was proposed to six-year-old children and aimed at
exploring properties of the additive structure of natural numbers. As usual, I proposed a
problematic situation which can be firstly faced through the body, along the number line:
“the cats’ and shrimps’ game.” Benedetta gave the orders, Mattia moved as a cat
(forward) or a shrimp (backwards) on the line, Diego represented actions on the
blackboard.
The first problem the children encountered was the choice of a starting point.
Mattia:
Where do I start from?
Stefano resolutely says, indicating the wall: We have to start from zero, otherwise we go wrong!
Benedetta: Make four steps as a shrimp and then three steps as a cat.
Mattia:
I’m sorry, but I can’t do it…

At this point the children looked at me for an answer, but I worried about being
compelled to introduce negative numbers. So I suggest: “Mattia you can start in the
middle of the room, so Benedetta’s order can be executed. You know, beyond the zero
there are some particular numbers, called “negative numbers” you’ll meet them later on,
now it is too early.” The children agree with the proposal, but they remain a bit
confused.
Talking to another teacher who took part in PDTR, I realized that delaying the
exploration of negative numbers and solving the problem of the starting point, I lost at
least two good didactic occasions. In fact, when she proposed the same activity to her
students of the same age, they autonomously found the solution of the starting point
problem that I had considered too complex. It is not good to keep children away from the
knives: it is wiser to teach them from the beginning to hold the knives by the handle! It
is useless and dangerous that children ignore some thorny problems: they would have to
know them, instead, and to learn to master them as soon as possible.
During the game, the students encountered by chance some particular situations
in which the sequences of steps showed important mathematical properties.
Monica:
Marco:
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Marco, move five steps as a cat and then two steps as a shrimp.
I've reached the number three.

Benedetta:

It is as before, when Simona was a cat for seven steps and a shrimp for four steps…
she stopped on number three!
[Diego who was reporting on the blackboard all the actions as operations concludes]: It's the same to
write 5−2 or 7−4, because I always arrive onto the number three.
Benedetta:
Make five cat steps and three shrimp steps, stop for a moment and then add other two
cat steps.
Francesca:
He arrives where he was at the beginning. It is as though…look…he starts from five
and he goes back to five.
Stefano:
It’s true, but he has made some steps and we can’t forget it.
Virginia:
He returns onto the number five, but he has walked! He returns on his starting point
because he has made the same number of steps in two opposite directions.
Teacher:
Now, look at the operations. Do you understand what Virginia said?

A lot of children had some trouble when I suggested to them to focus their
attention on the operations.
Listening to the recordings and through discussion with my PDTR colleagues, I
realized that it would have been better to reason upon actions (and not upon
mathematical symbols). Going away from the experience of the steps, I caused
disorientation in most children, who began to loose their attention.
My choice caused confusion, not being resonant, or rather not blending with the
children's cognitive processes and knowledge, and not being in tune with their
expectations. I think that learning is not produced if students and teachers are not in tune
reciprocally, or rather if there is not a continuous and mutual adjustment of the cultural
mediation to the cognitive structures of the child and of the child to the new knowledge.
Only teachers who reflect on their own educational practices can realize a resonant
mediation. “Not to change, modify, experiment is to be stuck in the rut of the habit,
ending up where those habits lead. If you do not change your direction, you may end up
where you are headed” (Mason, 2002, 7).
Reflecting on my choice, I realized that moving too soon children’s attention
from the “actions” to the “operations,” I pushed them too quickly toward the use of
symbols.
I agree with Piaget when he affirms that symbols loose their utility if they are
presented too early. It is necessary that children freely play with quantities until they
spontaneously need symbols.
The syntactic analysis necessarily follows the semantic one. A conscious
construction of the mathematical meanings is necessary: the symbol has to be a tool of
which children naturally enter in possession to express their own thought. If this does not
happen, students refuse it in the greatest part of the cases. It is like to ask children to
learn by heart the words of a sonnet prepared in alphabetical order preventing them from
tasting the meaning of the work.
During the discussion, my students analyzed another problematic case and they
tried to give a particular representation of it.
However, a few children kept on their discussion about operations.
Diego compares the operations 5−3 = 2 and 2+3 = 5 and says: Here (pointing to 5−3 = 2) the number
five is the first one, while here (pointing to 2+3 = 5) it is the last one; moreover, the number two here
(5−3 = 2) is the last one, here (2+3 = 5) it is the first one. So I can write this way:
5

2

5

Before there is the number five, then the number two and at last once again the number five! Number two is in
the middle.

Diego's representation was so interesting that it induced the teacher to linger
over the meaning of the arrows:
Teacher: Well Diego, what do these arrows mean?
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Francesca immediately answers: One arrow adds, the other subtracts.

I did not notice that the children used the same arrow to indicate different acts,
so I intervene saying:
Teacher:
Very well, and what happens if you subtract and then add the number three?
Francesca: That I start from number five and come once again to number five!

I have wasted a good opportunity by not asking the children: “Can we use the
same symbol to say different things?” This way I would have encouraged the natural
need for symbols, instead of shooting ahead by inducing the children to use the operators
“+” and “−.” It is important that teachers do not pass their representation like the only
possible one: students have to understand that it is not the only right way to represent an
idea and that it is necessary to distinguish a concept from its representation.
Duval asserts that there is no noesis (that is, the conceptual learning of a
mathematical object) without semiosis: only the use of many different representations
registers permits to reach the noesis (Duval, 1998).
The modeling of a concept is a good way to help students remember and
visualize it. The symbols represent mathematical concepts and I learned to be more
sensible to children’s ways of symbolizing. If the symbolic expression does not rise like
a tool to communicate one’s thought, students just learn how to accept meaningless
answers to mathematics problems. The numbers children wrote are representations of
their thoughts, not substitutes for it: just when this happens, I feel that my work is not
useless.
CONCLUSIONS
Our participation in the PDTR project allowed us to assume a different way of
looking at cultural transmission and at the role of the teacher. In particular, the critical
awareness and the responsible assumption of our role as “resonance mediators” between
students’ cognitive strategies and mathematics played a crucial role for our disciplinary
and professional training. We became aware of the importance of assuming a research
aptitude about different dimensions of the learning process, and of having access to
research results in mathematical education. We think that the discipline of noticing
(Mason, 2002) we acquired thanks to the cultural support of our mentors and colleagues
from other countries, is the beginning of the path toward our autonomy as teacherresearchers.
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APPENDIX
King Glottonous (Greedy) knew that a girl with golden hands lived in a small house in the wood in
his kingdom. She made delicious strawberry and chocolate cakes. When he went to see her, he ate a lot of her
cakes and was so happy that, when he left, he gave her a bag of gold coins.
Some time after, the king was sad in his castle, but nobody could make him happy. “Come on, kids,
how can we make the king happy?”
The queen wanted to cheer up the king so she sent the servant to get some of those delicious cakes.
After many difficulties, the servant arrived at the baker’s house but he couldn’t buy many cakes
because the oven was too small; it was only big enough for two cakes. The servant bought them and went back
to the castle as soon as possible.
“What a delicious smell coming from those cakes!”
As only the king could eat the cakes, the queen became unhappy.
“What can we do? We have to go back to the baker!”
The servant went back to the baker to buy the cakes for the queen. He got through the same
difficulties and he bought two cakes: a strawberry cake and a chocolate one. The queen ate up the two cakes
heartily but she didn’t offer any of them to anybody. Unfortunately, like the king, the little prince and the little
princess started crying for cakes, so the servant had to go to the baker again.
“How many times must the servant go to the baker’s house to make everybody happy?”
“In the end, how many cakes did the servant buy to make everybody happy?
“What a small oven!”
II
As for the baker, she started earning a lot of gold coins so she could buy a bigger oven in which she could
cook four cakes at a time.
“Now, how many times has the servant to go to the baker to satisfy everybody?”
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Engineering Students Understanding Mathematics (ESUM) is a developmental research
project at a UK university. The motivating aim is that engineering students should develop
a more conceptual understanding of mathematics through their participation in an innovation in teaching. A small research team has both studied and contributed to innovation,
which included small group activity, a variety of forms of questioning, an assessed group
project and use of the GeoGebra medium for exploring functions. Perspectives of community of practice and inquiry, and documentational genesis underpin the research
approach. Issues and findings to date from the project are presented.

1. Background to ESUMçEngineering Students Understanding
Mathematics
20
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A mathematics module for Materials Engineering students in a UK university has run for 3 years with
the same lecturer and modifications to its presentation each year. These modifications have intended to
create a more student-participative module and encourage students to develop more conceptually
based understandings of mathematics. Modifications in previous years have had limited success
(Jaworski, 2008, 2010) and the innovation this year has been designed to be more coherent and
far-reaching, encompassing changes to how the module is delivered and the ways in which students
interact with the mathematics, the lecturer and each other. Innovation has been undertaken by a
research team of three teachers of mathematics (two with extensive experience of teaching engineering
students and one, the lecturer, with extensive experience of mathematics teaching and teacher education at secondary level) who design, conduct and reflect on the teaching (the insiders—Bassey, 1995),
and a research officer (outsider) who has collected and analysed data as agreed with the teaching
colleagues.
The module has been taught by one of the team (the lecturer) over 13 weeks with two lectures and
one tutorial per week. This year’s cohort was 48 students, most of whom had A level mathematics with
grades A–C, just a few with alternative qualifications and two with no mathematics since GCSE.
Lectures were timetabled in tiered lecture theatres. The weekly tutorial was held in a large computer
laboratory with individual computer tables in squares of four, each set of tables accommodating one
group of students.
For the tutorials, students were grouped in threes and fours and expected to work together on set
tasks and an assessed project. Tasks and projects were designed specially for the module by the
© The Author 2011. Published by Oxford University Press on behalf of The Institute of Mathematics and its Applications.
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teaching team and formed a part of the innovation. Both included inquiry-based questions designed to
encourage exploration in mathematics using GeoGebra.1 In addition, inquiry-based questions were
used in lectures along with more traditional questions to encourage student involvement and provide
feedback on understanding. Question design drew on a range of published resources.
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2. Developmental research in ESUM
Research was designed both to promote development and to study it (Jaworski, 2003). Promotion was
achieved by feeding back to teaching as data were collected and by creating an inquiry approach to
teaching. The research studied the entire process through a rigorous analysis of data collected. The
project had four phases. A design phase (of questions and tasks) preceded teaching and continued in
parallel with the teaching phase for 13 weeks. Two PhD students contributed to location and design of
questions and tasks. Practitioner reflection, data collection and a first level of analysis coincided with
these two phases. The lecturer was a practitioner-researcher, reflecting on all activity and feeding back
from observations and other data to ongoing teaching design and practice. The outsider researcher
observed lectures and tutorials, with audio-recordings of lectures. She designed and administered two
questionnaires for student data and feedback from teaching sessions and, with another member of the
team, has held one–one and focus group interviews with students at the end of the teaching semester.
All research instruments and activity were agreed first with the teaching team. At the end of the
teaching semester, a phase of data analysis has taken place involving mainly the researcher and one
member of the teaching team. A final phase will involve dissemination of findings and their use in the
(re)design of the module for the forthcoming year.

3. Theoretical perspectives underpinning project design
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The ESUM project has drawn on theory of communities of inquiry developed in research into teaching
development at school levels (e.g. Jaworski, 2006). Research took place within an institutional environment, the university, with its norms and expectations which can be seen to form an established
community of practice (Wenger, 1998). This includes curricula and assessment, lectures and tutorials,
attitudes and approaches to teaching, students’ perspectives and the physical constraints of teaching
spaces and timetables. Inquiry was introduced at several levels including inquiry-based mathematical
tasks, inquiry into teaching approaches and design of questions, and research inquiry as conducted by
the research team as a whole. Since the team belonged to the community of practice, it engaged with
practice, used imagination in interpreting practice and aligned with the norms of practice (Wenger,
1998). In introducing inquiry at the various levels, it engaged with critical alignment in which necessary alignment within the community of practice was questioned to effect change through innovation
(Jaworski, 2006).
The teaching team engaged deeply in design of teaching which included key resources (such as
inquiry-based questions and GeoGebra), forms of pedagogy (such as small group activity and assessed
project work), reflection and feedback, and critical analysis of ongoing practice and learning through
research. Theory of Documentational Genesis (Gueudet & Trouche, 2011) proved valuable in conceptualizing the activity of innovation to promote more conceptual student understanding. Here, a
document derives from a set of resources together with a scheme of utilization. Genesis means
becoming: becoming a mathematics teacher; becoming a professional user of resources; becoming a
knowledgeable professional. In his book Communities of Practice, Wenger talks of learning as ‘a
1

GeoGebra: http://www.geogebra.org/cms/
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process of becoming’ (1998, p. 215). This, he claims, is ‘an experience of identity’ (1998, p. 215),
where identity ‘serves as a pivot between the social and the individual, so that each can be talked about
in terms of the other’ (1998, p. 145). Wenger suggests that ‘learning as participation . . . takes place
through our engagement in actions and interactions’ and ‘embeds this engagement in culture and
history’ (1998, p. 13). Documentational genesis, a term which captures the process of the mathematics
teacher becoming a professional user of resources and, concomitantly, a knowledgeable professional,
navigates the ground between the personhood of the teacher and the teacher’s belonging (Wenger,
1998) to social structures and communities in which resources take meaning. Visnovska et al. (2011)
write:
[T]eachers’ documentation work includes looking for resources (e.g., instructional materials, tools,
but also time for planning, colleagues with whom to discuss instructional issues, and workshops
dedicated to specific themes) and making sense and use of them (e.g., planning instructional tasks
and sequences, aligning instruction with the objectives and standards to which the teachers are held
accountable). . . .
The process of documentational genesis therefore foregrounds interactions of teachers and resources, and highlights how both are transformed in the course of these interactions.
In ESUM, as well as resources set out above, the scheme of utilization denotes practice in which
resources are used, activity takes place, reflection and critical review lead to new elements of innovation, and members of the team learn though participation, reification (objectifying elements of practice; Wenger, 1998) and critical alignment (looking critically at how principles of innovation fit with
institutional practice). These together form the documentational genesis in ESUM.
It seems therefore, that theory of community documentational genesis both fits well with the activity
in ESUM and offers ways to make sense of the interplay between creating learning opportunities for
students and the concomitant development of knowledge and understanding of the teacher in doing so.
Research and development go hand in hand both to chart progress and stimulate knowledge in practice.
In Figure 1, we see, on the left, a focus on inquiry-based tasks, their use with students and the teacher’s
reflection on their use—a cyclic process in which feedback from reflection leads to modification of the
tasks to suit students learning. On the right, research analyses the process in its different stages, and
also contributes to development.
In this analysis of ESUM in relation to inquiry-based tasks, we recognize the three layers of inquiry
designated in previous research into developing mathematics teaching at school level (Jaworski, 2006).
(A) Inquiry in learning mathematics: students engaging with inquiry-based tasks in mathematics to
encourage conceptual engagement, learning and understanding.
Developmental activity

Developmental research

• Design inquiry-based tasks in
which students will engage with
mathematics (B)
• Use tasks with students in
pedagogically sensitive ways
(A)
• Reflect on use of tasks, student
engagement
and
learning
outcomes (B)

• What is involved in such design?
How does design meet teaching
goals? (Data & Analysis) (C)
• Observe student engagement and
pedagogic process (Data &
Analysis) (C)
• Analyse data to show in what
ways innovation has met the
goals of activity (Analysis) (C)

FIG. 1. The developmental research process.
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(B) Inquiry in teaching mathematics: teachers using inquiry in the design and implementation of tasks,
problems and mathematical activity with students, possibly in a project with other teachers.
(C) Inquiry in developing the teaching of mathematics: teachers, researching the processes of using
inquiry in mathematics and in the teaching and learning of mathematics—possibly together with
outsider researchers.
These inter-related layers provide a representation of developmental activity linking student development through inquiry in mathematics and teacher/teaching development through inquiry in mathematics teaching. We see here a close relationship with the theory of documentational genesis.
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4. Innovation in practice
At the start of the semester, students were organized by the lecturer into small groups according to the
programmes on which they were registered to facilitate meeting outside of timetabled sessions. They
kept to the same groups throughout the module. In tutorials in the first 2 weeks, students met their
fellow group members, worked on exploratory tasks employing inquiry-based questions and started to
use GeoGebra. These activities, designed to promote the understanding of concepts, introduced elements of the overall style of the module. For example, in their first topic, polynomial functions, students
were encouraged to create a range of polynomial graphs and identify characteristics of specific functions and families of functions. Figure 2 shows an example of a task including inquiry-based questions
and suggesting use of GeoGebra in tackling the questions. The first question in the task was offered in
a lecture to encourage student engagement with lecture content. The second and third parts, originally
also designed for the lecture, were seen in practice to be too demanding for addressing in a lecture and
so they were included in a later tutorial allowing for more extensive exploration and discussion. We
see here an example of critical inquiry (at level C) resulting in modification of design in practice.
Early in the module, students were introduced to their group project for which they would be given
some tutorial time and for which some work would be necessary outside module sessions. This
included a set of tasks requiring mathematical exploration involving functions. It was to be handed
in for assessment towards the end of the module. Figure 3 show one task (of 4) in one variant (of 3) in
the project.
Figures 2 and 3 show examples of tasks and questions of an inquiry nature, which were prepared in
advance and offered to students in lecture or tutorial according to what seemed most valuable at
different times. In tutorials, students worked on such questions in a group and were encouraged to

Task 1
1a) Consider the function f(x) = x2 + 2x (x is real)
Give an equation of a line that intersects the graph of this function
(i) Twice
(ii) Once
(iii) Never
(Adapted from Pilzer et al. 2003, 7)
1b) If we have the function f(x) = ax2 + bx + c.
What can you say about lines which intersect this function twice?
1c) Write down equations for three straight lines and draw them in GeoGebra
Find a (quadratic) function such that the graph of the function cuts one of your
lines twice, one of them only once, and the third not at all and show the result in
GeoGebra.
Repeat for three different lines (what does it mean to be different?)

FIG. 2. Example of an inquiry-based task using GeoGebra.
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communicate with each other, with the lecturer and a graduate student assistant, thus developing
a small community of inquiry. Lectures were more formal, delivered by the lecturer using
PowerPoint and OHP (for examples), with overt effort to engage students with the lecture material
using a range of questions with exercises at key points. Where appropriate, concepts were illustrated
using GeoGebra.
Questions during a lecture, asked spontaneously by the lecturer, have been of a rather more direct or
closed nature (focusing on immediate concepts) than those pre-designed of a more open or investigative form. For example, in a lecture dealing with rational equations one question was ‘What would I
do to get one fraction?’, and in solving quadratic equations, the lecturer asked, ‘Anyone know factors
of x2-2x+1?’ A few students routinely offer a response. Sometimes this was accepted by the lecturer
who then moved on with the lecture. Sometimes the lecturer offered further questions to draw more
students into responding and, ideally, to generate further responses from students.
The following account is taken from the lecturer’s reflection on 1 week’s teaching:
In the first example [in the lecture] on Tuesday, I asked students to draw a triangle of given
dimensions before going on to consider use of sine or cosine rules. In fact two triangles were
possible for the given dimensions. This turned out to be a very good question, since different
students wanted to approach it in different ways and we achieved a discussion across the lecture
with students in different parts of the room arguing their approach. This seems worth analyzing to
reveal the characteristics of a question which achieved this involvement (especially on a Tuesday
when students seem more sluggish).
I have included the last sentence above, since it points to one aspect of the wider environment that
has to be taken into account in the analysis. We should analyse not only the questions but also the wide
range of factors that influence their impact.

FIG. 3. An extract from one version of the group project.
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5. Analysis of data, issues and findings
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Analysis to date has addressed students’ responses to two questionnaires (completed by 44 and 40
students, respectively), the lecturer’s weekly reflections on project activity and analysis of one–one
and focus group interviews with students. Data from observations of lectures and tutorials are extensive and are being used as a back up to explore further the issues that are arising from the analysis. We
discuss below our findings from analysis and related issues.
Most students have found the pace of lectures to be suitable for their understanding and progress,
although six suggest inconsistency—they claim that the pace is too slow on topics they had encountered in detail before and too fast on unfamiliar material. More than half report a good level of
understanding (38 students found problems in lectures either easy or just right). For some topics,
students reported needing extra work in order to understand fully. Only two students reported a very
low level of understanding. One computer-based test (on functions), undertaken after relevant topics
had been completed, revealed only eight students achieving <60%. A further test on complex numbers
and matrices showed a wider spread of results with indications that students found this material more
challenging. It seems relevant that most students had knowledge of functions from their A level
studies, but had not studied these further topics before.
Analysis of the lecturer’s reflection on ongoing practice reveals a developing awareness (documentational genesis) of modes of innovation and related issues. Findings on the use of GeoGebra show
both positive and negative indications. For example, going into GeoGebra mode in a lecture (from
PowerPoint) resulted in student attention. Students visibly attended—they stopped writing, talking or
shuffling around. However, students indicated in interviews that they found dynamic access to
GeoGebra in lectures not to be a good use of time. Some feedback from the relevant staff–student
committee had suggested too much use of GeoGebra in the module, so, in the second questionnaire,
students were asked if GeoGebra increased their understanding of topics that had been covered. In all,
24 said yes, 4 sometimes, 11 no. Comments included: ‘Makes it easier to see how functions relate to
the graphs’, ‘Graphical solutions are overlooked when graphs have to be drawn by hand’, ‘Shows what
functions look like - helps understanding’, ‘No, I feel it does not help explain why a given equation
gives the curve it does’. Project scripts showed evidence that students saw the use of GeoGebra to be
positive in developing their understanding of functions.
In tutorials, some students used GeoGebra rather superficially—for example, they drew many
graphs on one set of axes without obvious critical awareness of what they represented or how they
were related. Others were able to explain to the tutor what they saw in a graph and were able to relate it
to algebraic representations. Observation of small groups revealed that some engaged with the tutorial
tasks, and with GeoGebra, in a conceptual way: for an example, see Figure 4, an extract from observation notes. So, there is some evidence of conceptual understanding but it has proved rather hard to
quantify or substantiate.
Regarding the use of questioning in the project, students could see the value of different kinds of
questions (open, close, inquiry-based) and no strong views were expressed regarding preference. From
observations and lecturer reflections, it is clear that considerable spontaneous closed questioning was
evident alongside the pre-prepared inquiry-based questions. Together these alternative forms of questions did seem to engage students, and comments from the lecturer, the graduate assistant and the
lecturer teaching the module in its second semester suggested that this year’s cohort were more
responsive and engaged more evidently with mathematics than previous cohorts.
From the interviews, students indicated that too much time was given to the teaching of functions
and too little to the other topic areas which were new to them. While they appreciated some improved
understanding of functions, they would prefer more time to have been spent on complex numbers and
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Task: Draw on a new sheet ex+1, e3x+2, 2ex+1, e2x+3, ln(x+1),

2ln(3x-1)

The group was working on the above task and noticed that they had entered the
ln functions incorrectly, omitting brackets e.g. ln3x-1 instead of ln(3x-1)
They corrected all the equations they had entered which provoked a discussion
around the inverse and whether it was symmetric or not. One student did the inverse
calculation
y = ex+1
ln y = x+1
x = ln y – 1
They plotted this function (y = ln x - 1) in GeoGebra and saw the symmetry

FIG. 4. An example of GeoGebra use for conceptual understanding in a small group.
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matrices. In interviews, students have indicated a strategic approach to their mathematics course; it is
important to be able to do what is required to be successful in continuous assessment and to pass the
exam. Some believed an instrumental, rather than a conceptual understanding, to be adequate and that
when they become engineering practitioners, there would be others to offer mathematical expertise.
Some students would have liked more evidence of how mathematics is related to their engineering
studies. However, the project, which did pose a question encouraging students to make links, was not
universally liked, and the particular question was very poorly addressed in general. Some students felt
that they gained enough experience of project work in their engineering modules and it was unnecessary to have a project in mathematics. There was a significant improvement in the examination results
for questions based on this module with pass rates for questions increasing from 63% to 93%.
The above findings, issues and comments are representative of the feedback we have gained
from students from observations, questionnaire and interviews regarding the innovation studied in
ESUM. From comments on the use of GeoGebra and the group project, we shall make modifications
to the ways in which these are implemented in the coming year. We shall continue to explore the
use of different forms of questioning to promote student engagement and, particularly, to seek to
support conceptual understanding. We shall re-order our presentation of content to tackle new topics at
the beginning of the module so that students do not become complacent through familiarity with
material.

6. Returning to theory
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We have tried, above, to make links between the innovatory practices of the project, and the theory we
have proposed underpins the project. Here we try to make these links more explicit. The institutional
elements of our community of practice include the curriculum and assessment of the module, time
allowed and timetabled sessions, locations of lectures and tutorials, student numbers, student culture
and expectations, teaching culture and expectations. We are aligned with all of these to some extent
and there are differing degrees to which change is possible. For example, curriculum, assessment and
time allowed can be changed in the longer term, but sound reasons have to be provided for such
change. Findings so far have not produced a compelling case for such changes.
In the ESUM project, we have focused more locally on changing teaching culture and expectations,
and to some extent student expectations. Thus, critical alignment can be seen in bringing more interactivity to lectures, introducing inquiry-based tasks and group work, using a computer environment
and persuading students of the value of all of these for their learning. We have had some success in
promoting a more obvious engagement in terms of response and participation in lectures, which we
attribute to styles of questioning and the demands of the group project. The inquiry nature of questions
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and tasks has sought to engage students more conceptually, but evidence for
the success of this is more elusive. Inquiry into teaching approaches has
brought teachers towards a more inquiry way of teaching overall, which can
also influence students. Moreover, we see critical alignment within the
innovation itself as we examine critically the outcomes of innovation and
feedback to day to day practice. As our
scheme of utilization develops through application of design and critical
appreciation of everyday practice, documentational genesis is the
transformation that results. We believe there has been trans- formation this
year, perhaps not to the extent we should have hoped, but the resulting
knowledge that comes from both practical experience and research findings
means that we start another year from a significantly stronger
epistemological position.
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Design Principles of the Creative Learning Environment
STUDENTS AS PARTNERS IN LEARNING

July 22, 2011
Vrunda Prabhu
Abstract: Students in classes of Basic remedial
mathematics are alienated and at-risk of being lost from
STEM fields. The teaching-research enquiry, since 2006,
for a conducive learning environment, found, in 2008, that
affect and cognition must be addressed in tandem, since the
affective and cognitive pathways can mutually inhibit
cognitive performance. Ownership of learning through a
satisfactory didactic contract requires a learning
environment based on the design principles of cognition,
affect and self-regulatory learning practices to reverse the
culture of failure with enjoyment of mathematics and
consequently, with performance. Preliminary results and
significance of such a creative learning environment in our
urban educational situation is discussed.

Objective
Students in Remedial-Mathematics at community-colleges are atrisk. Their success in higher education depends on overcoming
obstacles to learning, many of which are attitudinal, affect
perception, and detrimental to cognition. Nationally, approximately
one-third of students entering colleges need remediation (Byrd &
McDonald, 2005); as many as 41% of all community-college
freshmen are enrolled in remedial courses (Hoyt, 1999; McCabe,
2003). Differences between under-prepared college students and
college-ready students include lower high school GPAs, lower
confidence, lower self-predictions for completing college education,
perpetuating a cycle of minimal accomplishment and low self-esteem
(Boylan, 1999; Boylan, Bonham, & Bliss, 1994). Nationally, 47% of
students requiring remediation graduate, while only 24% of students
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needing three or more developmental courses complete their program
(Adelman, 1996). Failure to complete developmental classes
remains the stumbling block to success (Boylan, 1999; Kraska,
Nadelman, Manier, & McCormick, 1990). Ownership of learning is
absent.

In the present article we sketch the design of a learningenvironment (LE) within a multi-cycle teachingexperiment in Remedial-Mathematics (Arithmetic) at an
urban community-college, whose objective has been to
reverse the culture of failure through development of
student-ownership of learning and enjoyment of
mathematics.
The teachers-researchers are a multidisciplinary team, comprising (i)
a mathematician who is the instructor of the Basic Mathematics
classes in question, (ii) the Vice President for Student Development
who is a counselor and (iii) an Academic Librarian whose expertise
includes Self-regulated learning. The LE (Fig. 2) integrates
cognition, affect and self-regulatory learning practices.

Theoretical Framework

The cyclic Teaching-Research NYC-model (Czarnocha,
2002; Czarnocha & Maj, 2008) forms the theoretical
framework of the Teaching-Experiment.
Figure
(…Chapter 1.1) sketches the teaching-research cycle.
The TR-cycle begins with diagnosis of learning. The red arrows
indicate the first run through the phases of the cycle, while blue
arrows indicate subsequent runs. Teaching-Research integrates craftknowledge of the team with research base of the profession.
Individual teaching-practice of each teacher-researcher is our craftknowledge, based on experience and know-how of teaching. The
research knowledge we introduce into our teaching depends on the
improvement task. Thus, pursuing the development of the guideddiscovery, we utilized ZPD of (Vygotsky, 1986) and MooreDiscovery approach; to align teaching with the natural path of
concept-development we consulted (Bruner, 1990), and to address
affective obstacles we learned from Brousseau’s concept of didactic11

contract. The problem-solving approach of the current TE-cycle has
integrated work of Polya, Bloom and Koestler in the design of
Creative Problem Solving environment facilitating studentownership of learning (Fig.2) through integration of affective and
cognitive components of learning. Since, such an integration
simultaneously addresses the two fundamental aspects of learning, it
has a chance to close the Achievement Gap.
Students in classes of Basic Mathematics have been exposed to the
topics under consideration before, perhaps several times. According
to Bloom
To be physically (and legally) imprisoned in a school system for ten
to twelve years and to receive negative classifications repeatedly for
this period of time must have a major detrimental effect on
personality and character development (Stringer and Glidewell,
1967).
The effects of “negative classifications” are manifested in current
mathematics classrooms as resistance to learning through
disengagement. The classroom climate in its absence of readiness to
learn, is in urgent need of creating factors conducive to learning.
Accustomed to a culture of failure, learners in developmental
mathematics classes are prone to not knowing what they know.
Repeated failures undermine learners’ trust in their own possibilities,
distancing reality of achievement.

Mode of Enquiry

The teaching-research mode of enquiry is discovery-based,
i.e. enquiry leading to discovery on part of all learners –
students as well as instructors. What is the present
classroom climate and needs that warrant the designed
learning-environment?
Meet Yra, a freshman:
Yra has almost perfect attendance. Yra seems reasonably attentive,(
i.,e., does not talk with others, fidget on phone, daydream etc,), but
never asks questions. When asked to do a problem on board, does it
well, sometimes with a little help. She attends review sessions.
There is no reason to be upset about Yra's performance. But at the
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last review session, Yra turns worrisome. The Vice President asks if
there are any questions, to which she responds yes, and when asked
what is the question, states, "Fraction". The mathematics instructor
cannot stop from asking what exactly about fractions, and she
answers the dreaded word, "everything. fraction".

A student such as Yra is not just in need of the best
teaching methodology that can help her cognitively, fluidly
advance, Yra needs two other skills: knowing how and
when to ask questions, and not waiting to ask for help. The
Student Success Manual planned for the next TR-cycle
embeds a module on self-assessment.
Meet Ayn, also a freshman.
Ayn is a good student, she thinks well, has good attendance. When
she had to be in the Dominican Republic for a court case she asked
for work so she would not lose academic standing. Ayn is afraid of
mathematics. Ayn had a turnaround moment. It was when the
Librarian did his spontaneous speech on self-regulated learning, and
the mathematics instructor followed by saying she was not picking on
her but wanted to let her know she was a very good student and she
should not use those words, “I am scared”, etc., because of the
impact they could have on someone else in class. Ayn never said
words of a similar nature. However, Ayn had not dropped her fear.
At a review session at which Ayn was the only student to attend 4, the
productive session had ended with Ayn and the instructor having a
conversation about her performance, and the instructor mentioning
that she was excellent on all counts except one, and to which Ayn
had replied with half a smile, “yes I know, I am afraid”.

Ayn is not obstructed by absence of self-regulation in
learning.
She has reasonably good self-regulatorylearning-practices. Her thinking capability is openly
4

It was a very important session because, it was only that session that allowed the
instructors to complete all topics on the Math 01 and Math 05 curriculum
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visible to the entire class, hence there are no cognitivehurdles. Ayn is anxious based on the fact that this is a
“math” class. Ayn is acting under affective-inhibition.
Integration of the writing theme of Making Sense of
Number with the concept map of the course has been
included in the Student Success Manual as an effective tool
to eliminate this type of an affective-inhibition.
Lida’s dedication to assigned work is well-known in class.
In class, it is certain her voice will be heard asking
questions and answering questions. Lida could not do well
on a two-hour test. She was exhausted. Lida was intent on
remembering, and the semester-long repeated requests of
“just tell me how to do it”, had not altered till the end of the
semester. Lida had not been able to allow herself to
undertake greater reflection on her computations, and
choose a strategy prior to engaging in computations.
Problem-posing introduced through the Creative Problem
Set in Spring 2011, is being introduced as a regular
classroom feature for group-work, and development of
metacognition to overcome cognitive-blockage.
The representative students demonstrate need for a
classroom climate attending to accessing their own
knowledge hindered by
 Cognitive factors, such as not knowing where to
start and how to keep going5
 Affective factors, fear of mathematics
 Absence of study skills

5

This is the question being explored in the problem solving grant, Polya Step 2
and 4
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The result of the one-time visit in Fall 2010, by the Vice
President with counseling expertise was promising and a
sustained intervention was carried out in Spring 2011 in the
experimental class of Basic Arithmetic taught by the
mathematics instructor. Another section taught by the
same instructor without direct intervention of the team was
the control class. The experimental class was conducted
with the help of inquiry leading to discovery method,
procedural-conceptual balance and with attention to
problem-solving and problem-posing. The creation of trust
between the teacher and students, based on the absence of
negative classification and attention paid by all three
instructors provided elements of the didactic contract,
which facilitated increase in engagement; high-goal-setting; increased
attendance. However, students did not develop enough persistence in
achieving their learning goals. The next cycle of TE will incorporate the
conclusions of (Barbatis, 2006) dealing with persistence.
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Figure 2: Theoretical supports for the design of the learning
environment
The center of the map is the LE composed of 4 instructionalcomponents.
 Creative Problems Set, a set of 10 problems are thinkingaside-tools (Koestler, 1964) for schema-building utilizing
problem-solving and problem-posing.
 Story of Number, an instructional-sequence, utilizing
Bruner’s concrete-iconic-symbolic stages guides conceptformation.
 Making Sense of Number, the theme started explicitly in Fall
2010 in the context of short essay writing assignments.
16



Student Success Manual being developed for Fall 2011, will
facilitate
 sustainability of creative moments occurring in the
classroom
 Thinking aside tools, analogous to Victoria PurcellGates’ findings in development of literacy.
 Building undeveloped skills (such as multiplication
tables via the prime number pyramid, concept of unit
through Achilles and Tortoise race, etc)

Note, the integration of the three design-principles of
cognition, affect and self-regulation, woven across the
components of the created learning-environment. The
Creative Problems Set was found interesting and students’
enjoyed discussions with the teacher-researchers whether it
was about the decimal system or the race, however, the
know-how to continue these explorations independently is
needed.

Data

Gender
Ethnicity
Average
Age

EXPERIMENTAL GROUP

CONTROL GROUP

61% female

64% female

72% Latino; 7% Black; 78% Latino; 4% Black; 11%
21% Unidentified
Unidentified; 7% White
21 (range from 18 to 30)

23 (range from 19 to 36)

Table 1: Students’ background

Initial Enrollment
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EXPERIMENTAL

CONTROL

28 students

28 students

#
with
attendance

perfect 7 students

1 student

Withdrawals

2

5

Attendance Rate

81.3%

61.3%

Midterm
Average

Grade 2.53

1.96

Table 2: Attendance
The control-group exhibited self-defeating attitudes early in the
semester, poignantly reflected in sparse attendance. Students with
sporadic attendance were questioned, and had failed the class before.
They attributed non-attendance to prior failure. Performance of the
control-group is evident in the significant difference in the midtermgrades of both classes.
Both classes (those present) were
administered the LASSI in the second week of the semester and the
MLSQ in the last week of classes. The teacher-researchers had
already detected absence of self-regulation in learning practices and
the MLSQ was selected over the LASSI to assist and assess.

Anxiety
Attitude
Concentration
Info. Processing
Motivation
Self-Testing
Selecting Main Idea
Study Aids
Time Management
Test Strategies

EXPERIMENTAL
50.5
40.7
46.9
53.1
44
40.2
44.5
34.8
47.8
47.7

CONTROL
64.4
37.3
66.9
58.4
45
51.9
67.4
58.5
58.3
63.4

Table 3: LASSI Scores
The MLSQ is an 81 item self-reporting instrument containing 6
motivational sub-scales and 9 learning strategies scales as follows:
Motivational Scales
Intrinsic Goal Orientation (4)

Learning Strategies Scales
Rehearsal (4)

Extrinsic Goal Orientation (4)
Task Value (6)

Elaboration (6)
Organization (4)
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Control of Learning Beliefs (4)
Critical Thinking (5)
Self-Efficacy for Learning and Meta-cognitive Self-Regulation (12)
Performance (8)
Test Anxiety (5)
Time and Study Environment
Management (8)
Effort Regulation (4)
Peer Learning (3)

Table 4: MLSQ distribution

In the table below are scores from a preliminary MSLQ
version
Motivational Beliefs

Self
Test
Efficacy
Anxiety

Self-Regulated
Learning Strategies

Intrinsic Cognitive
regulated

Self

Value Strategy
learning

use

Experimental

5.0

5.4

4.7

4.1

4.0

Control

5.0

5.6

5.1 4.8

4.2

Table 5: Scores from preliminary MLSQ

Results

Successes were affective – changed, positive attitudes
toward mathematics reflected in attendance, goal-setting6,
engagement and increased but not sufficient persistence.
Preliminary data shows, early and sustained attention to
6

1 student in the experimental class of Arithmetic determines to master Arithmetic
and Algebra and starts a general interest in the class both experimental and control
to do so.
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affect in conjunction with cognition, is essential in student
retention, engagement and Just-in-Time study-skills
facilitation.
Creativity-Literacy-Numeracy, a useful
medium for design of instructional-interventions found a
powerful integration of craft-knowledge of teacherresearchers with the research-base through the theory of
Act of Creation, (Koestler, 1964). Koestler’s approach of
facilitating creativity is important in positively affecting
both cognition and creating a mutually supportive
affective-cognitive base. The affective-cognitive bridge
and the affective-cognitive-SRL practices bridge is part of
the emerging model of Students-as-Partners-in-Learning.
Classroom Methodology
The result of the one-time visit was promising and a
sustained intervention was carried out in Spring 2011 in
one class of Basic Arithmetic taught by the first author.
The classroom has had an open community environment.
It met 2 times a week. The instructor was present in all
instructional sessions. She taught collaboratively with the
VP/counselor once a week. In the collaborative teaching
sessions, the VP/counselor found ways to keep the focus
on enquiry while changing the perceptions involved
through slight shifts of attention. For example, in the
context of addition of fractions, the instructor’s emphasis
wass consistently on the number line to visualize the
operation under consideration, while VP/counselor
intervened with the example of a candy bar shared by two
people each eating the fraction under consideration and
questioning how much of the candy bar is left, or to the
pizza which is shared or to painting the wall of the room.
Through these gradual perceptual shifts of attention in
which the focus of enquiry is held constant and the class
environment is made light through the humor, the
mathematics literacy base of learners wass exposed to new
situations with constancy in conceptual thinking. The
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environment has been created for the bisociative act of
Koestler to occur. Thus, study skills are embedded Just-inTime that is students are provided a supportive
environment whenever they need it, and independent
thinking is allowed to express itself.
The third collaborator, librarian provided library resources
for the class, and there are sessions when the team interacts
with the class together, once exclusively for the purpose of
discussing the first author’s concerns about study habits.
From this session, he discovered that self-regulation in the
study skills would be a helpful inclusion into the classroom
environment.
Three instructional approaches emerge, each arising from
the natural inclination toward mathematics and problem
solving of each teacher-researcher of the team. There are
differences in individual approaches, one being more
procedural, another more conceptual, however, the
commonality across instructional approaches, is the intent
for learners to discover the underlying mathematical
structure called for in each problem situation. The
instructional approaches can all be explained using the
theoretical perspective created by Arthur Koestler.
Bisociation is facilitated, as the creative leap that occurs
when several frames of reference are held in simultaneous
scrutiny and insight of the essence is apparent from the
various simultaneous perceptions. Koestler as a research
base and theoretical anchor in mathematics education is an
innovative approach which will be explored further in
succeeding semesters.
Noting the approach of the
VP/counselor pair in creating slight perceptual shifts to
keep attention on the focus of enquiry, the same approach
was also used in the situation of operations on fractions.
Going from problems involving operations on fractions to
embedding the same within problems involving rules of
exponents and fractional exponents. It was an exercise
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enjoyed by students, and their attention was periodically
directed to the use of rules of operations on fractions as a
skill being learned. Further, both VP/counselor, scaffold
bisociation by bringing students’ attention explicitly to the
distractors in the problem under consideration, and
examined together with the class, created problem
situations for distractors, and the essence of the question
without distractors.
Interventions of drama and math in the classroom in the
form of The Poznan Theater Problem are further examples
of the open community environment of the classroom.
Prof. Howard Pflanzer, a playwright and drama professor
is invited to stage a 1-session classroom interactive drama
and his selection involves topics in the curriculum in the
context of theater appearances in Poznan Poland, through
which he enquires of students how to solve the puzzle of
reaching the several theater locations without a GPS and
only a street map in hand.
Making sense of Number is the explicit overarching theme
whether in classroom discussion or in the instructional
materials including homework, maintaining a multi-frameof-discourse mode for the balance between enjoyment,
cognitive penetration, and aesthetic appreciation. Creativity
had emerged within classroom as an organic development
from the craft knowledge of the teaching-research team,
however, it was the support of Arthur Koestler’s The Act
of Creation (Koestler, 1964) that provided a theoretical
base in which to anchor thinking and development of
creativity.
Design of Triptich – based Assignments.
The Act of Creation of Koestler (1964) defines
“bisociation” that is “the creative leap [of insight], which
connects previously unconnected frames of reference and
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makes us experience reality at several planes at once.”
Consequently, the creative leap of insight or bisociation
can take place only if we are considering at least two
different frames of reference, of a discourse.
How to facilitate that process? Koestler offers a suggestion in the form
of a triptych, which consists of “three panels…indicating three domains
of creativity which shade into each other without sharp boundaries:
Humor, Discovery and Art. Each such triptych stands for a pattern of
creative activity which is represented on them; for instance:

Comic comparison

objective analogy

poetic image.

The first is intended to make us laugh, the second to make us
understand, the third to make us marvel. The creative process to be
initiated in our classes of developmental and introductory mathematics
urgently needs to address the emotional climate of learners, and here is
where the first panel of the triptych comes into play, Humor. Having
found humor and the bearings of the concept in question, the
connections within it have to be explored further to “discover” the
concept in detail, and finally to take the discovery to a form that
discovery is sublimated to Art.
An example of the triptych assignment used by V. Prabhu in the class of
Introductory Statistics:

Trailblazer

outlier

origina

Sampling
probability
confidence interval
Law of Large Numbers
Lurker
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correlation

causa

lurking variable
The triptych below is an example of student work:

Trailblazer

OUTLIER

Original

Random

SAMPLING

Gambling

Chance

PROBABILITY

Lottery

Lurking Variable

CORRELATION

Causation

Testing

CONFIDENCE INTERVALS

Results

Sample Mean

LAW OF LARGE NUMBERS

Probability

Triptych assignments facilitate student awareness of
connections between relevant concepts and thus they
facilitate understanding. However, what maybe even more
important, the accompanying discussions help to break the
“cannot do” habit and transform it into original creativity.
Below is the triptych (with a student’s completion) from a
developmental algebra class:
Number  ratio  division
Part-whole  fraction  decimal
Particularity  abstraction  generality
 variable 
multiplication  exponent  power
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Use of triptychs in the mathematics class bring back the
puzzle inherent in mathematics. What is the connection
between the stated concepts? What could be concepts
connected to the given concepts? Given the largely
computational nature of the elementary classes, and
students’ habit of remembering pieces of formulas from
previous exposures to the subject, a forum for meaning
making is created in connecting prior knowledge, with
synthesized, reasoned exploration. The question “how”,
answered by the computations is augmented with the
“why” through the use of mathematical triptychs. Student
responses to the algebra triptych designed and
implemented by the teacher-researcher B.Czarnocha
indicate the germs of student creativity:
A factory

A factor

A
polynomial

1.Starting point for A variable for the
the factor.
polynomial
2.Breakdown into One way to solve polynomial is to
factors
the
factor.
3.The relationship Factory and a equation
between a
factor is that the equality
factory
has
sameness

and

4.Puts together an Breaks down into Numbers
turn
equation
smaller numbers into a different
equation
5.A factory…is an
equation of some
sort that you need
to factor to get an
answer
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Then factor has to
do
with
polynomial it’s an
equation
like
polynomial which
you have to factor

To get the answer
to
whichever
polynomial
problem.

6.A factory has A factory and A polynomial is
many numbers of factor is the same distributed to the
boxes so it can be because
unknown factor.
distributed to the
stores
The creativity of students came into play especially on the
transition from the first column to the second, when they
wanted to establish the relationship between a factory –
that is a place which produces things, with the concept of
the factor in mathematics. “Factory is an equation”,”…has
many boxes to be distributed..”, then you “factor an
equation”. So the polynomial is distributed, factored to
those boxes.
Each triptych needs to undergo several TR cycles of design
refinements, triangulated by short semi-structured
interviews to get to the precise meaning of used metaphor,
however even from those first cycle student responses we
see the potential richness of creative mathematical thinking
geared towards finding connections between related
concepts of the triptych. Positioning the triptych within the
sequence of classroom/homework assignments so that it
provides necessary facilitation of the related concepts
discussed in the classroom requires special creative
attention on the part of the instructor.
Significance

The study has the potential to positively benefit many
students, given the ubiquitous and long-standing disinterest
in mathematics in society in general, and the
disenchantment and disenfranchisement from education, of
youth, in urban centers, such as ours.
The mission of AERA is “to advance knowledge about
education, to encourage scholarly inquiry related to
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education, and to promote the use of research to improve
education and serve the public good.” Students-asPartners-in-Learning is the teaching-research response to
the disinterest of students in their own learning diagnosed
in the classroom, and serves as “research to improve
education and serve the public good”.
Win-win situation for participants was created by the
presence of the counselor in the classroom allowing:
 Cognitive front. Devise a curricular resolution to
the long standing epistemological obstacle of the
real number
 Affective front. Understanding of resilient studentperceptions of long-standing apathy toward
mathematics.
 Comprehensive LE that integrates cognition-affectSRL-practices and extends’ (Barbatis, 2008) model
of changing student-perceptions through the
Teaching-Research response, Students-as Partnersin-Learning.
 Creativity as the engine-of-discovery in learning,
whether mathematics or metacognition, facilitates
ownership-of-learning, and where challenges are
well-scaffolded, enhance student-achievement
(Csikszentmihalyi, ). Integrating practice with
Koestler’s bisociation, an avenue is created for
learning beyond the semester. Koestler’s triptych
with 3 planes - Humor-Discovery-Art supporting
the bisociative act-of-creativity, provide the path
from Bathos-to-Pathos, the needed ending of fear of
mathematics and transformation to creativeexpression from repeated habit to originality.
Teaching-research is existentially bisociative, balancingperspectives, understanding local-complexity in isolatedprecision, wholistic-coherence, choosing most fitting
research-foothold for learning-difficulties, it adapts
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existing research, student-learning in the classroom, to
achieve goal of improvement-of-learning. The designprinciples of the theoretical-framework reflect the
integrative-unity across academic-disciplines for a win-win
situation that in benefiting the particularity-of-theclassroom, in its refinement-through-adaptation stands to
benefit a general problem.
Creativity in the teaching of remedial mathematics is
teaching gifted-students how to access their own
giftedness.

Note 1. How to read the Learning Environment concept
map?
Naturally, the concept map is very complex because it reflects very
complex reality of mathematics remedial classroom. Yet within that
complexity, one can distinguish three separate LE components surrounding
the content component of the course, The Story of a Number – a teaching
sequence addressing arithmetic and algebra. Each LE component is
designed to bridge affect, cognition and self-regulation skills; Creative
Problem Set and the methodology of teaching called Making Sense of
Number are integrated within the Success Manual, which guides students
through the development of self-regulatory skills. All three contribute to the
increase of enjoyment with, reflection upon and ownership of mathematics
content. On the other hand, the cognitive component, The Story of Number
teaching sequence is constructed with the help of Discovery method guided
along classroom ZPD, where the degree of cognitive challenge is regulated
via precision of language and historical development of the

concept in mathematics.
The methodology of each LE component is sketched in the
upper part of the concept map. The Story of Number is the
teaching sequence in arithmetic and algebra built out
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smaller particular sequences, with the help of a particular
theory of concept development. Creative Problems Set acts,
naturally through problem solving approach, which leads
to the development of conception accordance with Bloom’s
recently refined taxonomy. Student Success Manual
consists of student sample work from previous semesters,
which are used as “thinking aside tools”;”Making Sense
of number” is an approach that facilitates concept
development through discussions and writing assignments.
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The Flow of Thought Across the Zone of
Proximal Development between Elementary
Algebra and Intermediate English as a
Second Language.
Bronisuave Czarnocha
Eugenio Maria de Hostos Community College,
CUNY, New York City
Vrunda Prabhu
William Woods University, Missouri
Abstract
A teaching experiment in correlating the instruction
of courses in Elementary Algebra and Intermediate ESL is
described whose results suggest a measurable transfer of
thought organization from algebraic thinking into written
natural English. It is shown that a proper context to situate
this new effect is the Zone of Proximal Development of L.
Vygotsky.
Introduction
The relationship between Mathematics and
Language teaching has been the topic of many papers and
presentations [1], [2], [4],[9]. Yet the literature and
research on the subject suffer from several shortcomings.
First, the majority of the research deals with the role of
language in learning mathematics, leaving the reciprocal
relationship, that of the influence of learning mathematics
on the development of language, almost totally unexplored.
Second, although several benefits of writing as an
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instructional tool in teaching mathematics have been
proposed - such as a better understanding of conceptual
relationships [2] or the facilitation of "personal ownership"
of knowledge [4], [10], there has been, till recently, little
evidence to explicitly demonstrate these benefits [11].
Finally, there is a relative absence of theoretical
considerations that could provide a context in which to
properly situate the reciprocal relationship between the
development of mathematical understanding and the
mastery of language.
ESL literature presents us with more or less the same
situation and focuses on the role of the mathematics
teacher as ” a teacher of the language needed to learn
mathematical concepts and skills.” [5]. The methodology
of classroom practice based on this principle was
formulated in [6]. An important theoretical distinction in
the area of second language acquisition has been
introduced by Cummins ([5]), who asserted that the
process of language acquisition has at least 2 distinct
levels: the Basic Interpersonal Language Competency
(BILC) level of everyday use, and the Cognitive Academic
Language Proficiency (CALP) level.
This presentation addresses the shortcomings listed
above. A brief discussion of certain ideas of Vygotsky in
[13] outlines a context in which the relationship between
mathematics and language can be situated. This is
followed by a new and interesting result obtained during a
teaching experiment at CUNY’s Hostos Community
College, in which an Elementary Algebra course was
pedagogically linked with a course in English as a Second
Language (ESL), most probably demonstrating an
influence of mathematical thinking on the development of
descriptive writing.
Theoretical Background
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The literature contains sporadic hints about the
relationship between mathematical understanding and the
acquisition of language. To the degree that writing is like
problem solving, as Kenyon [7] claims, one might think
about this relationship as determined by a common set of
problem-solving strategies. This point of view, which
doesn't take into account the peculiarities of each of the
disciplines, is strongly supported by Anderson's Adaptive
Control of Thought theory [1].
A point of view that gives justice to the richness of
relationships between thought and language might perhaps
be found in (early) Vygotsky ([13]). There, thought and
language are seen as being in a "reciprocal relationship of
development." [8].
"Communication presupposes
generalization…, and generalization… becomes possible in
the course of communication" ( p.7, [13]) – in other words,
in order to communicate we need to think; and in order to
think, we need to communicate. Such a view opens, in a
very natural way, the possibility that thought - in our case,
mathematical thought - might be able to shape natural
language. One of the ways through which this process can
take place is across the Zone of Proximal Development
(ZPD). (Ch.6, [13]).
The ZPD arises in Vygotsky's thought through his
distinction between spontaneous and scientific concepts. It
represents the depth to which an individual student can
develop, with expert help, his spontaneous concepts
concerning a particular problem - as opposed to his ability
to do it alone.
Valsiner had noted that the development of the ZDP
can also be furthered if the environment is structured in a
way that leads the student to use elements which are new to
him, but reachable from his ZDP [14]. One of the essential
characteristics of the upper level of ZDP, as compared to
the level of the corresponding spontaneous concepts, is its
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higher degree of structural systematicity.
In our
experiment, the abstract character of elementary algebra
has created exactly that type of ZPD with respect to the
“spontaneous” level of natural English.
Experimental Realization
To confirm Vygotsky’s highly dialectical view one would
clearly need to detect the presence of two directions of
developmental progression: the acquisition of English under the
influence of mathematical thinking and the acquisition of
mathematical understanding under the influence of the use of
English. While the first direction is the main topic of this
presentation, let us mention that the existence of the second has been
confirmed, for the first time, in a recent experiment by Wahlberg
[13]. Measuring the increase in the students' understanding induced
by essay-writing; she observed a substantial (80%) increase in the
experimental group as compared to the control group.

Elementary
experiment7

Algebra/Intermediate

ESL

teaching

The general goal of the ESL sequence at Hostos is to
develop what Cummins ([5]) calls the Cognitive Academic
Language Proficiency, and what Vygostky calls the

7

-The description of the experiment and of its results is based on The Final
Report of the ESL/Elementary Algebra Teaching Experiment supported by
the New Visions Program Grant of CUNY, July 1998 – M. Pujol,
B.Czarnocha
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language of "scientific concepts”. Our experiment had two
goals: to see how far Algebra can help in that process, and
to investigate the cognitive relations in the acquisition of
both.
Methodology
A group of seventeen students was enrolled in a
class of Intermediate ESL and in a remedial class of
Elementary Algebra taught in English. In the previous
semester these students passed 2nd low level ESL as well as
Basic Arithmetic, the first remedial mathematics course.
The Algebra class was the only class they were taking in
English, and thus constituted their only exposure to
academic English and possibly to English in general.
Although the classes were separate, the communication
between the instructors was very tight, involving weekly
meetings, exchanging materials, and visiting each other’s
classes. The methodology of the experiment was based on
two assumptions. First, since we were interested in the
influence of the algebraic language upon the natural one,
we needed to verbalize the algebraic language to a
maximum level possible. That meant we needed to make
the symbolic notation of algebra explicit in speech and/or
writing - to verbalize the procedural steps and the content
of algebraic thinking. Second, these elements, having been
made explicit in their algebraic context, needed to be
transferred into the context of the ESL class, both on the
semantic and the grammatical level.
As a result, student discussions in the Algebra class
often involved a level of academic discourse somewhat
above the students’ capacity at the given time.
This effort the students had to make to communicate the
comparatively abstract mathematical ideas in English is,
we think, is at the root of their very particular linguistic
improvement. At the same time, the ESL class deliberately
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involved discussions of the linguistic peculiarities of
algebraic language, such as the role of word order and
sentence structure. Below are examples of specific
instructional strategies in both classes.
New algebra instructional strategies.
1. Verbalization of algebraic procedures.
Example: Solving linear equations: 2X + 5 = 9
Solution

Steps (to be written by students)

2X + 5 - 5 = 9 - 5 First, I add -5 to both sides of the
equations in order to eliminate +5 on
the left side.
2X = 4
Second, I cancel the opposite numbers and
add the like terms
2X/2 = 4/2
to have X alone

Third, I divide both sides by 2 in order

X=2

The answer is X = 2.

2. Explication of algebraic symbolism through writing
paragraphs
a) Write a paragraph explaining the difference between
3*5 and 5*3.
What does it mean to you that 5*3 = 3*5?
b) What is the difference in the meaning of the equality
sign in
3*16 = 48 and in X + 5 =12?
3. Analysis of algebraic rules and principles.
a) Compare the rule for the addition of signed numbers
with different signs with the rule for the multiplication of
signed numbers with different signs.
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c) Write an explanation to Jose who missed a couple of
classes, about how to do the problem below. Explain
to him the order of steps in the procedure, warn him
against the possible errors he might make, remind
him of the rules which justify your the steps of the
solution. -[2(3X – 5Y) –3(Y – X)] – 4(2X + 3Y)=
New ESL instructional strategies.
The goal of the-math related ESL exercises was to extend
the meaning and application of algebraic words and
concepts into natural English.
a) Expressing the same Math concept in different ways in
English
Example: Solving Linear Equations
Instruction: Fill in the blanks with the appropriate word.
x + 16 = 20
• Sixteen .....added..........to an ...unknown ... number .....is..
twenty.
• If an ...unknown ...number is ...increased.. by sixteen, the
...result.... is twenty.
• The ....sum.. of an .unknown . number ..and.. sixteen
...equals.. twenty.
• Sixteen ...more... than an ...unknown ... number is
...equal.. to twenty.
These exercises allowed students to understand how a
specific Math idea or concept could be phrased in many
different ways in English. This provoked opportunities for
thinking and internalizing the basic English sentence
structure.
b) Word order exercises.
Instruction: Put the following words and expressions into
the right order:
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1temperature - by +10 - the - by - the - decreases evening - degrees
2-

multiply - he - the number - needs to- in the
parentheses- by- the
numbers -

3do?

much - how - you- your sister - to - money- owe-

4makes - of - John - same- as - do - money - every
month- the - I -amount
5If - perform- the - you - you'll- the number 48 multiplication- getSerious thinking and discussion about what was said and
how it was phrased accompanied these exercises. Students
learned that the way concepts and numbers are put together
in the algebraic language is essential for understanding
algebraic operations. By paying attention to the word
order in algebra, students became sensitive to word order
in English.
c) Editing exercises.
Instruction: Please correct the following paragraphs,
written by different students, not only for correct ideas but
for mistakes involving any of the grammar rules studied so
far.
(xa )b-- I think that raise a power to another, I need to put
the variable and then multiply the exponent.
(xy)a -- When you have two variable in the parenthesis and
you raise to any power. You have to multiplied each
variable with same power.
--I need to get each variable to the power separately. I
need to multiply the variable with the raise power.
--It is when you have two variable raising to a power. I
solve this raising separately each variable to the power.
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For example, I do this because I multiply the variable by
the exponent.
d) A long-term (6-week) essay, written on a word
processor, with 3 drafts discussed with the instructor.
The topic was In Between Two Cultures; the students
were supposed to compare and contrast their life
experience in the Dominican Republic and in New York
City.
Data collection and analysis.
As has been stated above, the teaching experiment
had two goals: to use algebra to help in the development of
natural English, and to investigate the possibility of a
cognitive relationship between the acquisition of both.
Vygotsky suggests such a possibility when he asserts
(p.160,[13]): "one might say that the knowledge of the
foreign language stands to that of the native one in the
same way as knowledge of algebra stands to knowledge of
arithmetic… There are serious grounds for believing that
similar relations do exist between spontaneous and
academic concepts".
For the purpose of the present discussion, the main
tool of analysis were the long-term essays on the topic In
Between Two Cultures which the students wrote in the
course of the semester. The process of writing was
important because "Written speech assumes much slower,
repeated mediating analysis and synthesis, which makes it
not only possible to develop the required thought, but even
to revert to its earlier stages, thus transforming the
sequential chain of connections in a simultaneous, selfreviewing structure. Written speech thus represents a new
and powerful instrument of thought"[8].
To assess the changes in the students' written
mastery of English, we first used the holistic assessment of
the ESL instructor - a standard way of judging student
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essays in English courses. Next, we translated this
judgment into syntactic components. Finally, we compared
these with the corresponding components in the essays of a
control group. We chose as our control group a past class
of the same ESL instructor, which wrote an essay on the
topic Our Family Conflicts. This topic was judged to be the
closest in meaning to the topic In Between the Two
Cultures, assigned to the experimental group.
The judgment of the ESL instructor after reading all
the essays of the experimental group was that they were
more cohesive. As cohesiveness is closely related to the
use of connectors - words such as "because", "yet",
"although", etc.- all the connectors used by all students in
their essay were categorized, counted, averaged per 22-line
page, and the results compared with the corresponding
numbers from the control group. Our conclusion was that
there was an average 15% increase in the number of
connectors and subordinating clauses in the essays of the
experimental group. This confirmed the ESL instructor’s
assessment that the long-term essays of the experimental
group were more cohesive than the essays of the students
who did not participate in the instructional link under
discussion.
Comparison of the use of connectors in student writing:
Experiment

Control

% increase
Time

228/5.16

217/4.8

subordination (when)
10%

114/2.58

106/2.35

others
-36%

38/.86

8%
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53/1.17

connectors
20%

66/1.49

56/1.24

Cause

181/4.09
152/3.37
21% subordination (because) 140/3.17
118/2.62
21%

others

20/.45

20/.44

connectors
55%

21/.48

14/.31

Purpose
50%

29/.66

20/.44

2%

subordination
37%

27/.61

connectors

2/

20/.44

Condition
22%

21/.44

28/.6

Contrast
39%

29/.66

22/.4

subordination
20%

14/.32

18/.40

connectors
222%

13/.29

4/.09

Place
Addition
24%

19/.43

3/.07
46/1.04

38/.84

-----------------------------------------------------------------------------TOTAL
15%

553/12.52

489/10.86

Subordinating Conjunctions:
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Time: When (the most common one)/ As soon as/
Before/ After/ etc.
Cause: Because ( the most common one)/ As/ etc.
Purpose: In order that/ So that / etc.
Condition: If / Unless/ etc.
Contrast: Although/ Even though/etc.
Place: wherever/ etc.
Transitional Words or Connectors:
Time: First/ Second/ Finally/etc.
Cause: Therefore/ As a result/ In consequence/
Because of this/etc.
Contrast:
contrary/etc.

However/

Nevertheless/

On

the

Addition: In addition/ Moreover/ Also etc.
Example: For example/ In fact/ etc.
These measurements provided an independent
confirmation of the holistic assessment that the essays
written under the influence of algebraic thinking were
more cohesive, more thoughtfully written. Despite the
novelty of this observation one should not be surprised by
it. Algebra, as an abstract area, depends a lot on the
relationship between different concepts, ideas and mental
actions. Connectors and subordinating clauses are those
particles of language which are used to express the
relationship between ideas, events or facts; these are words
such as "because", "in order to", "finally", "if….then."
They are used to express cause and effect relationships,
conditions, reasons, and contrast; thus, they seem to be
closely related to what is called a critical (or analytical)
mode of thinking. ". A correct use of connectors
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determines the organization of ideas within an essay. The
increase in the (correct) use of these linguistic tools meant
that there was an increase in the number of relationships
between ideas, their better organization expressed by our
students in their writing, making it more cohesive. The
correlation of the ESL syllabus with the Algebra course whose dense mathematical relationships, when translated
into natural language with the help of connectors, were
able to penetrate the simpler language of descriptive
writing - induced an increase in the level of thinking
effected by the ZPD.
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APENDIX 1 (6/16/14)

Significance of the results.

Table 3. The Results of a Two Sample Proportion Test Using MINITAB

Sample X (PASS)

N (TOTAL)

Sample Prop. (RATE)

1

26

34

0.764706

2

90

168

0.535714

Difference = p (1) - p (2)
Estimate for difference: 0.228992
95% lower bound for difference: 0.0936272
Test for difference = 0 (vs > 0):

Z = 2.78

P-Value = 0.003

Using a one-tailed proportion difference hypothesis test
(refer to Table 3), the above data shows that the passing
rate for the experimental group was statistically
significantly greater than the passing rate for the control
group with a p-value less than 0.005.
APENDIX 2 (5/15/14)
Teaching-Research comments.
Further investigations of the Math – Natural Language
acquisition were conducted in the TR commun ity by Bill
Baker whose pages from the Teaching-Research Journal
are below, followed by the research hypothesis
summarizing their whole series.
Mathematics and Language. William Baker
The first educational teaching experiment I was involved in
focused on establishing a learning community with English
as a second Language (ESL) students who needed
Elementary Algebra. At a bilingual English-Spanish
institution whose stated mission centers on assisting
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Spanish speaking immigrants to the United States obtain an
associates (2 year) degree it was noticed that many students
were admitted to the college requiring an intermediate
level of ESL in which they should be taking at least one
content course in English and elementary algebra. Thus,
these courses were linked together with the same students
taking both courses and the instructors cooperated with
each other on lesson planning and curriculum.
This teaching research experiment went through several
cycles of refinement however, the goal of this work was to
increase student involvement in the class content as well as
a sense of community. When the college decided to
discontinue these learning communities I took with me the
curricula material to encourage writing in the mathematics
classroom developed into my mathematics courses and for
several years collected data on several hundred students’
performance on pairs of application problem and a problem
involving written explanations. For example they might be
given a rate problem: Juan drove 60 miles per hour (mph)
for 4.6 hours. How many miles did he drive? Later on the
same test they would be given a problem such as Jose was
driving 60 mph if you knew how long he was driving then
how would you find the distance he drove? (that type of
problems were also utilized by other teacher-researchers in
their work (CH.2.2)
Explanations could be in written form or algebraic formula
format, since I considered algebra a language of
mathematics. Indeed the goal of the pre-algebra course was
to prepare students for algebraic thinking thus, the student
who wrote D = 60x, where x is hours would get credit.
Such pairs of problems were given in partial tests on the
subjects of whole numbers, decimals, fractions and
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percents. ?These results for several hundred students and
their scores on similar: rate, proportion, percent and
operation application problems in the final exam at the end
of the semester?. Multivariate analysis was used separately
with student scores on the application problems and
separately with their scores on the application problems
during the semester for each partial exam as two
independent variables to predict, as a dependent variable,
students’ proficiency with application problems on the
final exam. The results as expected indicated that for whole
numbers, decimals, proportions and percents the
application problems and the similar problems involving
the abstraction of underlying structure through written
explanations were independent from one another in
explaining student performance on the dependent variable.
This indicates that the ability of a student to write an
explanation involves a different thought process than the
ability to solve the problem. In particular, the process of
writing one’s strategy or steps used to solve a problem is
not completely dependent upon one’s ability to actually
solve the problem in determining the ability to retain such
knowledge until the end of the course. This validated my
observations that while the majority of students who could
solve a problem could come up with a reasonable
explanation of their steps (strategy) there were none the
less a very real cohort of those students that could readily
solve an application problem but experienced great
difficulty in writing down an explanation of their work. In
contrast, there were students who could explain readily the
steps required but made decimal, denominator or other
careless errors in the process of solving an application
problem. It was not after I had began to lose interest in this
topic that I was reading a book on communication in the
mathematics classroom that I found the research topic that
went with my explorations. Anna Sierpinska (Language &
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Communication, 1998) frames two position on writing and
thought the first she attributes to Vygotsky, that ,
“…writing can have an actual impact upon
development…” and a contrasting position that written
thought is dependent upon mathematical development,
“Piaget would not say that the activity of communication
can actually change the course of development . On the
contrary he would have claimed that development is a
precondition for a person to express himself or herself in
writing.” (p45).
New Hypothesis #2. Bronislaw Czarnocha
The observations of Bill Baker taken together with the
results of the Pujol/Czarnocha teaching-experiment
Mat/ESL described above suggest new and interesting
hypothesis concerning ZPD of Vygotsky, which also might
provide the route to bridge the fundamental gap between
Piaget and Vygotsky theories concerning the written
communication and the development of learning. We
hypothesize that the central concept for understanding this
question is the concept of the “relative ZPD”, in our case,
between ZPD of algebra and ZPD of English as a Second
Language. Let’s recall Vygotsky’s analogy between these
ZPD’s (p.160,[13]): "one might say that the knowledge of
the foreign language stands to that of the native one in the
same way as knowledge of algebra stands to knowledge of
arithmetic…”, noting at the same time, that while possibly
being analogous, the position of their lower and upper
levels of, respectively spontaneous and scientific concepts
do not have to be the same. Thus, for example, if the
scientific level of algebra/arithmetic ZPD is cognitively
better developed then the scientific level of native/foreign
English ZPD, then it is natural to expect that written
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mathematics accompanying the development of
understanding of algebra might develop student’s foreign
(English) language mastery significantly above the ZPD
level within pure (without algebra) native/foreign language
learning, as Pujol/Czarnocha teaching experiment
demonstrated. On the other hand, if the scientific level of
English language ZPD is more developed than the
scientific level of arithmetic/algebra ZPD, then writing
mathematics can do exactly, what Wahlberg and Bill Baker
observed relatively to the majority of the students, that is
their improvement in understanding algebra. Clearly in this
situation of interaction between two different ZPD’s, the
scientific level of that ZPD which is lower in development
serves as the “expert help” to reach the higher placed
scientific level ZPD of the second component. This
indicates, in agreement with Valsinger’s comment that the
development of the ZDP can also be furthered if the
environment is structured in a way that leads the student to
use elements which are new to him, but reachable from his
ZDP [14]. Here, “the environment” is the second
interacting ZPD.
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TOWARDS A MODEL FOR TEACHER PROFESSIONAL
DEVELOPMENT IN CHINA: INTRODUCING KELI

ABSTRACT. This paper describes Keli (Exemplary Lesson Development), a new
model of in-service teacher education in China, implemented within a broader program
of Xingdong Jiaoyu (Action Education), which has been implemented since 2003. This
paper sets out how to implement the innovative Keli model. Finally, the implications
for the practical community, including teachers and researchers, are examined.
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BACKGROUND
It is a paradox of the Chinese learners that the seemingly unfavorable
learning environment in China produces students who outperform
their counterparts in the West on international test of student achievement (Biggs & Watkins, 2001), and this has been explored by many
researchers from various perspectives (Huang & Leung, 2004; Lee,
1996; Leung, 2001; Stevenson & Stigler, 1992). It has been suggested
that factors such as cultural beliefs, curriculum and teacher competence, all play diﬀerent roles in students' academic success or failure
(Fan, Wong, Cai, & Li, 2004; Ma, 1999). Recently, the roles of
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school-based teaching and research activities such as the collaborative
study of teaching material, collaborative lesson planning, and frequent
classroom observation and post-lesson review for Chinese mathematics
teachers' professional growth have been highlighted (Ma, 1999; Paine,
1992, 2002). However, with the release of the National Mathematics
Curriculum Standards (NMCS) that emphasizes creative thinking,
problem solving and exploring ability (Education Department, 2001),
it has become a challenge for teachers to implement the innovative
curriculum in the everyday classroom. It is also a formidable task
for mathematics educators to help teachers to do it. In order to
tackle this issue, based on reﬂection on the Chinese tradition of teaching and learning and adopting some Western notions of professional
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development and in-service teacher education, some Chinese scholars
have developed an innovative model of in-service teacher education
(Gu & Wong, 2003) as follows (Figure 1):
The overarching program of professional development is called
Xingdong Jiaoyu (Action Education). It is a form of school-based integration of research and learning which aims at updating ideas of teaching /learning, and designing new situations and improving classroom
practice through Keli (Exemplary Lesson Development) (pronounced:
Ker-Lee). A fundamental feature of ‘‘Action Education’’ is that the
unfolding of the program is mediated within the community by the
whole process of developing an exemplary lesson (Keli), including
the lesson planning, lesson delivery and post-lesson reﬂection, and
lesson-re-delivery. First of all, a collaborative group (the Keli group)
that consists of teachers and researchers is established through discussion between researchers and a group of interested teachers. A research
question, relating to certain challenges arising when implementing the
NMCS, is raised and the relevant content area is selected for developing an exemplary lesson through discussion among this Keli group.
The ﬁrst stage, called existing action, focuses on exposing the
teacher's existing action of teaching by his/her self. That means a teacher usually designs the lesson independently and delivers the lesson
publicly to a class of students observed by all the Keli group members.
Then, the ﬁrst feedback meeting takes place immediately after the
Existing action:
Focusing on personal
previous experience

New design:
Focusing on the
new design of the
lesson

Updating ideas Reflect 1 :
Finding the gap between
existing ideas
and innovative ones

New action:
Focusing on the
new classroom
practice

Improving action Reflect 2
: Finding the gap between
innovative design and
implementation

Through engaging in Keli1 (Exemplary Lesson Development), the participants of
the community collaboratively learn innovative ideas, make a new lesson design,
implement the design, reflect on their actions and change their practice.

Figure 1. The Keli Model: A fundamental process for implementing Xingdong
Jiaoyu (Action Education) (from Gu & Wong, 2003).
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lesson, which usually includes the following sections: introduction of
the design of the lesson, comment on the lesson, and suggestions for
further revision. The aim of this meeting is to ﬁnd the gap between the
teacher's existing experiences and the innovative design suggested by
NMCS. Following the ﬁrst reﬂecting section, the teacher will revise the
design and re-deliver the lesson in other classes at the same grade
within the same school. This re-teaching of the revised lesson will be
observed by members of the Keli group. After that, a second reﬂection
meeting will be conducted that focuses on the diﬀerence between the
new design and eﬀective classroom practice (as suggested by the
NCMS), so as to improve the design further.
At the third teaching stage, the teacher gives a lesson using the
revised design and focuses on how students learn in a new style and
attain a high quality of learning, consistent with the goals of NMCS.
All the designs and implementations are focused on the same content,
and are done basically by the same teacher or teachers in the Keli
group in diﬀerent classes of the same school. However, practically, the
model can be simpliﬁed in some ways. For example, at the ﬁrst stage,
the teacher may just share his/her used lesson plan at the ﬁrst reﬂecting meeting. For another example, another teacher may give a lesson
with the revised plan to diﬀerent classes at diﬀerent schools.
Following the pilot study of the Keli model in 2002, an action research program, called ‘‘Master Teacher Senior Training Program’’
was carried out from March, 2003 to December, 2003 in Shanghai,
P.R. China. Subsequent to this implementation, more than thirty cities
in China have adopted the Keli model for their in-service teacher education since 2004. It seems that the model of in-service teacher education has some advantages and will become even more widely
popularized in China. This paper discusses the following questions:
1. What is the Keli (Exemplary Lesson Development) conceptual
framework?
2. How is the Keli process typically conducted?
3. What are the responses of the teachers and researchers to their participation in Keli?
THE CONCEPTUAL FRAMEWORK OF KELI
Studies on Teacher Professional Development
In the past decades, there have been many programs preparing teachers
to teach by adopting re-form-orientated approaches. According to
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literature, approaches, such as action research, case inquiries, coursebased training and workshop have been commonly used.
Action research involves systematic reﬂection on teachers' actions
or professional activities in order to improve them (Crawford & Adler,
1996). For example, teachers might identify an issue that they ﬁnd
perplexing and try to investigate it with the cooperation of their immediate community. Japanese Lesson Study is a well-recognized example
of such collaborative developmental practice. In Lesson Study, teachers choose the goals that they want to achieve with their students and
they also determine how they will use study lessons to explore these
goals. Outside ‘‘experts’’ and other administrators may observe lessons
and provide feedback, but they do not control the lesson-study process. Teachers work together with a shared sense of purpose. Lesson
Study provides teachers with the opportunity to learn from each
other's experiences and expertise, thus building a shared body of
professional knowledge (Lewis & Tsuchida, 1998).
Case inquiry is another approach that is being adopted in professional development for mathematics teachers. Cases, as Shulman
(1992) explained, provide occasion for professionals to gather for
retelling, reﬂection, and analysis. Stein, Smith, Henningsen and Silver
(2000) produced a set of cases, which aimed at assisting teachers not
only to develop an understanding of mathematical tasks and how the
cognitive demands evolve during a lesson, but also to develop the skill
of critical reﬂection on their own practice guided by reference to a set
of principles based on these ideas.
Course-based or workshop-oriented training programs derive from
a traditionally professional development approach which is guided by
the principles: ﬁrst, it is important to teach teachers as you want them
to teach; second, follow-up support and supervision are important in
facilitating teacher learning and fostering teacher instructional change
(Zaslavsky, Chapman, & Leikin, 2003).
Models of Teacher Professional Growth
However, there is no unique way of successfully beginning this process
of change. There has been criticism that models of professional development operate on either the naı¨ ve assumption that attending a
professional development workshop leads to changed and improved
teaching practice (Hoban, 2002), or the assumption that well-prepared
mathematics teacher educators are available to furnish opportunities
for teachers to develop in ways that will enable them to enhance the
recommended change (Zaslavsky, Chapman, & Leikin, 2003). In the
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past decades, the notions of reﬂection (Schon, 1987), action research
(Kemmis & McTaggart, 2000) and professional learning communities
(Wenger, 1998) have been central to the reconceptualization of professional learning and professional development in schools. Hoban (2002)
argues that forms of professional learning can be constituted as complex systems with interdependent and dynamic parts that are inextricably linked to educational change. Clarke and Hollingsworth (2002)
elaborated an interconnected model of teacher professional growth.
This model suggested that change occurs, through the mediating processes of ‘‘reﬂection’’ and ‘‘enactment,’’ in four distinct domains which
encompass the teacher's world: the personal domain (teacher knowledge, beliefs and attitudes), the domain of practice (classroom experimentation), the domain of consequence (salient outcomes), and the
external domain (sources of information, stimulus or support). This
model emphasizes the importance of reﬂection and enactment,
through which change in certain domains occurs and forms ‘‘change
sequences’’ and ‘‘growth networks.’’ In addition, a three-layer model
of growth-through-practice of mathematics educators has been
proposed (Zaslavsky & Leikin, 2004). According to this model, the
mathematics teacher and mathematics teacher educators form a collaborative community and any members of this community play two
diﬀerent roles as facilitator and learner at diﬀerent points while working on a particular task. For example, a mathematics teacher may
switch roles from facilitator of students' learning to a member of a
group of learners, whose learning is facilitated by a mathematics
teacher educator. In this model, mathematical tasks play a critical role
in the learning oﬀered to participants in professional development
programs.
Theory of Teacher Professional Learning
Given the professional context in which teaching practice occurs, a
situated learning perspective with its associations of apprenticeship
oﬀers an appealing theory of teacher learning and consequently of teacher growth. From such a perspective, teacher growth is constituted
through the evolving practices of the teacher, which are iteratively
reﬁned through a process of enaction and reﬂection (Clarke & Hollingsworth, 2002). Recent studies draw on Lave and Wenger's (1991)
theories of the social nature of learning to describe the importance of
supporting professional development through communities of practice
in which teachers articulate and re-conceptualize their pedagogical epistemologies within a collaborative framework. The discourses generated
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within such communities of practice create shared ways of thinking and
communicating. Within this theoretical orientation, thoughtful, reﬂective teaching is seen as the bedrock of professional growth. The process
of reﬂection is intended to enable teachers to articulate their implicit,
personal theories—the interpretive, conceptual frameworks by which
they problematize and make sense of their practice.
Rational of the Action Education
As described above, in Japanese Lesson Study, the person who takes
the responsibility for upgrading the teachers' ideas is not mentioned.
In other programs, an underlying assumption is that well-prepared
mathematics educators are available. However, this may not be the
case (Zaslavsky, Chapman, & Leikin, 2003). Although in Clarke and
Hollingsworth (2002)'s model, the reﬂection and enactment were
emphasized, nothing was suggested about the ways of reﬂecting and
enacting. The three-layer model (Zaslavsky & Leikin, 2004) suggests
that providing a powerful task on which the community can work
collaboratively is critical for creating the direct and indirect learning
opportunities for the members of community, but operates on the
assumption that what the teacher has learned can be applied to classroom practice, which is also problematic. Based on reﬂection on literature and taking traditional Chinese teacher education (school-based
teaching and research) into consideration, the following common
points on in-service teacher education have been achieved: First, it is
necessary to have expert input in order to upgrade teacher ideas, in a
context of peer support; Second, it is necessary to include the whole
process of action follow-up and reﬂection; and third, it is necessary to
form a community, which consists of experts, researchers and teachers.
Thus, the program of in-service teacher education, called Xingdong
Jiaoyu (Action Education) has been created. In this program, a community consisting of teachers and experts and researchers is formed,
and the teachers improve their teaching action and upgrade their professional theory through unfolding the Keli process in cooperation
with the members of the community (Figure 1).

THE IMPLEMENTATION OF KELI
Keli usually includes the following three phases: (1) Familiarization
and Focusing; (2) The Cycle of Teaching, Reﬂection and Revision; (3)
Disseminating the Keli process and the Exemplary Lesson.

284

KELI MODEL OF IN-SERVICE TEACHER EDUCATION IN CHINA

285

Keli Phase One: Familiarization and Focusing
During this ﬁrst phase of Keli, the participants have to upgrade their
education and teaching ideas, and learn the procedures of developing
an exemplary lesson. In the project, ‘‘Master Teacher Senior Training
Program,’’ either the teachers are sent to participate or some experts
are invited to deliver lectures to the teachers at school, so that the
teachers update their ideas of teaching. For example, one study group
consists of two researchers (one is from District Education Institute,
and the other is from a Teacher College/Normal University), and the
teachers from the same school. Then, based on reﬂection on the practice and full discussion, one purpose (i.e. how to teach ‘‘similar’’ content in terms of the structure of the content), and relevant content are
selected (i.e. Judgments of similar triangle in Geometry).
Keli Phase Two: The Cycle of Teaching, Reﬂection and Revision
According to the suggested model, the exemplary lesson will be developed through ‘‘three teaching stages’’ (Existing Action, New Design,
and New Action) and ‘‘two reﬂections’’ (Updating Ideas and Improving Action) (see Figure 1). The two reﬂections and the follow-up
action are crucial in this model. For example, Keli for the teaching of
Judgments of Similar Triangles was organized into the following steps:
(1) Demonstrating the current lesson planning and teaching;
(2) Reﬂecting on the defects of the current design and teaching
(Defects such as the separate teaching of the ways of judging triangle
similarity (lesson by lesson) and ignoring the useful relationship between the properties of congruent and similar triangles); (3) Revising
the lesson plan and developing a new one (building the similar triangles concept on the students' previous knowledge, congruent triangles;
reﬁning the problem situation and making eﬀective use of technology);
(4) Teaching the new lesson design; (5) The second reﬂection and
re-revising the new design (improving the teaching process); (6) Delivering the revised lesson (paying attention to active learning by the
students themselves).
Keli Phase Three: Disseminating the Keli Process and the Exemplary
Lesson
The ﬁnally stage is to summarize and disseminate both the resulting
exemplary lesson and an account of the Keli process. Based on the
previous three phases and two reﬂections, the members of the group
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have been experiencing the process of improving the lesson and changing the teaching practice. It is expected, then, that these experiences
will be shared with the public by writing a narrative story that focuses
on the following aspects: (1) How the learning styles and teaching
strategies have been changed in classroom; (2) How the teacher's conception of teaching and ways of developing a lesson have been
updated to meet the new ideas of the new NCMS curriculum;
(3) Challenges faced during the process of Keli or the reﬂections
occurring during Keli.
It is necessary that participants from diﬀerent backgrounds (such as
staﬀ at university, researchers in district teachers' college, and teachers
in-service) have a close collaboration in the writing of the report on
the Keli process. Once the paper has been completed, it is expected
that it will be published or shared with others. In addition, a Video
teaching case will be produced, which includes the main sections of the
lesson, main ideas of reﬂections by the teachers and experts, together
with data analysis of the lesson both quantitatively and qualitatively.
The Video teaching case is intended to support teacher training
programs.

AN EXAMPLE OF KELI: TEACHING OF PYTHAGORAS
THEOREM
Let us take the teaching of Pythagoras' theorem, for example. It was
found that there are two diﬃculties in exploring Pythagoras' theorem.
First, if attempts are made to develop the theorem by measuring the
lengths of the three sides a, b and c, and encouraging students to
make the conjectures regarding the relationship between the three variables, ultimately leading to a2+b2=c2, then, it can be diﬃcult for students to make the correct conjecture due to measurement errors.
Second, it is diﬃcult for most students to ﬁnd proofs of the theorem
by themselves. A study on the teaching of Pythagoras' theorem in several countries has found that teachers in Czech Republic, Hong Kong
and Shanghai tend to explore the theorem through certain activities
(Huang, & Leung, 2002). However, those exploratory activities seemed
to be trivial in terms of the mathematics reasoning development. Thus,
the goal of the Keli process for the teaching of Pythagoras' theorem is
to explore possible ways of helping students to discover the theorem
through creating proper scaﬀolding (see Bao, Wong, &Gu, 2005 for
details).
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Forming a Keli Group
In this example, two professors, a PhD holder from Shanghai Academy of Education Sciences, three PhD candidates from East China
Normal University, and researchers from a local educational institute,
together with mathematics teachers in one secondary school constituted the community [or the Keli Group]. A teacher, a bachelor's degree holder with 16 years' teaching experience, was selected as the
teacher who delivered Keli lessons.
Existing Practice
Beginning with the questions ‘‘What is the relationship between the
three sides of a triangle?’’ and ‘‘What is the relationship between the
three sides of a right-angled triangle?,’’ the teacher encouraged students to explore the unknown feature, which was actually the topic for
this lesson. After that, the class was divided into groups of four (for
example, two students in the front row turned round to face the two
classmates sitting behind them). Each group was assigned the following tasks: (1) Draw a right-angled triangle ABC, ﬀC ¼ 90o , and
a = 3 cm, b = 4 cm; (2) Measure the lengths of the third side c; (3)
Examine the relationship among a, b and c. Based on the investigation
of this particular right-angled triangle, the students were asked to
make conjectures on the relationship between the three sides of a
right-angled triangle, i.e. a2+b2=c2. After making their conjectures,
the students were guided to ﬁnd a proof by constructing a ﬁgure such
as the one shown below on the right.
Referring to the conﬁguration, the students were ﬁrst asked to
justify why the central ﬁgure was a square, and then they were given
the following computations:
G

D

C

H

c

F

b

A

c

a

E

a
b

B
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One method is:
Area ABCD ¼ ða þ b Þ2
Another is
Area EFGH þ 4 x Area AEH ¼ c2 þ 4 x 1 ab;
2
Since the two methods are used to calculate the area of the same
square, then
Area ABCD ¼ Area EFGF þ 4 x Area AEH
Namely, ða þ bÞ 2 ¼ c2 þ 4 x 12 ab
Simplifying it, we get a2+b2=c2
After proving the theorem, the teacher introduced some history of
the theorem, and assigned some exercises for the students to work on.
Finally, the teacher made a summary of the lesson.
Post-lesson Reﬂection
At the reﬂection meeting, the following two points were argued. First,
it is an unreasonable, if not impossible, assumption, that students can
make a correct conjecture just based on calculations on two groups of
Pythagoras's triples such as (3, 4, 5) and (5, 12, 13). Moreover, the
accuracy of measurement of the third side is not ensured. For example, given the lengths of two sides in a right-angled triangle are 3 and
4, how many students can measure the length of the third side as 5? In
fact, one expert teacher gave an example. In one lesson that he observed, students were asked to measure ﬁve right-angled triangles, and
then verify the relationship a2+b2=c2, where a, b, c are the lengths of
three sides of a right-angled triangle. However, the students were
failed due to the inaccuracy of their measurements. Thus, even though,
in this Keli lesson, certain students were successful in making the correct conjecture; this did not imply that this is a reasonable procedure
for the majority of the students. Second, based on the geometrical
meanings of algebraic expressions such as a2, b2, c2,, ab, (a+b)2, the
students were guided to create a conﬁguration which led to a proof of
the theorem. However, the students might just know how to prove it
(the proof itself), but did not know how the proof was found (the process of ﬁnding the proof). Thus, the proof was learnt as a product but
not as a process. Based on extensive discussion around the above two
arguments, experts and researchers suggested that it is necessary to
provide students with certain situational scaﬀoldings for them to make
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conjectures and, moreover, to help them to ﬁnd proofs by integration
of numerical calculation and construction of diagrams. On achieving
the consensus, the members of the Keli Group worked together to develop support materials such as worksheets.
New Design and Implementation
On the basis of several reﬂections and implementations, the members
of the Keli group developed the worksheets (see below) and revised
the lesson plan. The new lesson plan included the following steps:
Scaﬀolding for discovery and proof of theorem. At the beginning
stage of the lesson, the students were exposed to work on the
Worksheet 1.
This activity in this worksheet is used for supporting students'
exploration of Pythagoras' theorem. The method of calculation of the
oblique square (e.g., it can be calculated as the subtraction between
the area of the larger square EFGH and the sum of the areas of the
four small triangles outside) is useful for further exploring and discovering the theorem (as shown in Worksheet 2), furthermore, it provides
an implicit preparation for discovering a proof of the theorem (as
shown in Worksheet 3).
Developing theorem. At the second stage of the lesson, the students
were invited to calculate, ﬁll in a form and make conjectures as shown
in Worksheet 2.
Students calculated the relevant items by using the method above,
and ﬁlled out the table. Then they observed the data and tried to
frame a conjecture about the relationship between a, b, and c. Some
students made the conjecture ‘‘a2+b2=c2.’’ However, other students
found another relationship among a, b, c, namely, ‘‘2ab+1=c2’’ based
on the calculated data in this table. At this moment, the teacher questioned students, ‘‘Are they true in general?’’ After that, through student's discussion,
pﬃ ﬃ some students found a counterexample (for example,
triple (2, 2, 2 2) in a right-angled triangle) to refute and reject the
second conjecture. However nobody could deny the ﬁrst conjecture, so
the students became eager to prove the ﬁrst conjecture.
Developing a proof. Based on the speciﬁc case investigations in
Worksheet 2, the conjecture was made. Is the relationship true for a
general triangle? By taking away the grid background in the ﬁgure,
and also deliberately concealing the speciﬁc values of a, and b, the diagram was changed as shown in the Figure 4(b) in Worksheet 3.
At this stage, the grid lines were taken away, and the students completed their proof by a combination of diagrams and logical reasoning.
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In fact, at the ﬁrst stage, the students implicitly experienced the method
of proof (i.e., c2=(a+b)2)2ab). Then at the second stage, this method
was highlighted and the diﬃculty of the proof was reduced. Thus,
the students could ﬁnd their proof by themselves. After proving the
theorem, the teacher showed another worksheet with multiple proofs.
What makes the exemplary lesson different?
After the lessons, the researchers highlighted the following promising
features of the exemplary lesson:
Shift of teaching paradigm: Through a comparison of the time distribution between the previous lesson and the revised lessons in terms
of teacher talk, teacher–student interaction, student exploration and
student practice, it was found that the time for teacher talk, and student practice went down from 51.2% to 26.7%, and from 28.2% to
3.2%, respectively, while the times for teacher–student interaction, and
student exploration went up from 16.8% to 23.5% and from 3.8% to
46.6%, respectively. Thus, the essential improvement of the revised lesson is a shift of the teaching paradigm from direct teaching to activities carried out by the students themselves. The latter teaching method
was recommended by the new curriculum.
Function of the scaﬀoldings: The series of worksheets had played
critical roles as follows: (1) Inducing conjectures by calculation of the
deliberative data, and paving the way for the ‘‘proof by manipulation
of diagram’’ (see Figure 4(a)); (2) Constructing scaﬀolding progressively (see Figures 2 & 3) and deconstructing it properly (see
Figure 4(b)) in order to help student ﬁnd the proof while keeping
logical reasoning at a certain abstract level; (3) Highlighting the mathematical thinking of proof and refutation. It was fascinating that,
when some students found the relation 2ab+1=c2, which was outside
the teacher's expectation, the teacher was still able to use this incident
as an opportunity to teach refutation.
Progression from concrete calculation to logical proof: The key to
proving the theorem is to use the integration of numerical calculation
and geometrical diagrams. Through manipulation of the diagrams in
Figures 2 and 4(a), the students found diﬀerent ways to calculate the
area of the largest oblique square and this directly led students to ﬁnd
diﬀerent proofs when taking away the grid background as shown in
the Figure 4(b). Thus, it is possible for student to learn not only how
to prove the theorem but also the process of generating the proofs.
We round up this section by quoting an excerpt from the teacher's
diary.
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Reviewing the methods of computing the area of square.

Figure 3.

Making conjectures.

291

KELI MODEL OF IN-SERVICE TEACHER EDUCATION IN CHINA

Figure 4.

292

Justifying conjectures.

The advantages of collaborative lesson planning design are: (1) to help me form
an innovative teaching idea; (2) to find effective ways to handle difficulties by
learning from other experienced teachers and experts. However, good teaching
ideas and teaching design from others may not be easily internalized into my own
teaching and applied in practice, so there are some unsatisfactory performances in
classroom practice that need to be improved progressively. The lesson plan designed by myself is easy to implement; while the collaborative lesson plan will be
helpful for advancing my teaching ideas and ability although it is challenging for
me to implement it. I like the collaborative lesson plan design.

FEEDBACKS FROM THE PARTICIPANTS
In order to understand the implications and roles of the participants in
the in-service teacher education, all the participants were asked to
write their diary and self-reﬂection. Taking another successful case for
example, the feedbacks from participants are shown below.
Feedback from an Acting Teacher
Miss Mendy2, a young teacher with four years' teaching experience, an
excellent teacher identiﬁed in a nation-wide open lesson competition,
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was a member of the ‘‘Master Teacher Senior Training Program.’’ She
was involved in the program with great passion and participated in the
development of two exemplary lessons during the period of the program. After this program, she thought that the immediate reﬂection
and revision, particularly re-delivering the revised lesson, was an
important inﬂuence on improving her teaching behaviors. She expressed this in an interview as follows:
Interviewer: What is the essential diﬀerence between action education and traditional teaching and research activity?
Mendy:
In the past, there was a kind of informal program, i.e.,
school-based lesson planning and classroom observation. However, those activities were organized only
within the school-based teaching and research group.
And, after classroom observation, it may be followed
by a reﬂection diary but not revision and teaching the
lesson again. It means there isn't any action follow-up.
Interviewer: Do you think it [action education] is helpful?
Mendy:
I have got a great help. Traditionally, without
followed-up action, the same content will probably be
taught four years later, so there is only a little impression about how the content was handled before. Then
the lesson will be re-designed repeatedly. Nowadays,
the lesson plan was revised three times, and the lesson
will be observed and reﬂected two times; it is deﬁnitely
helpful.
Feedback from a Researcher at the District College
Mr. Yi from a district college, a teaching and research staﬀ member
with more than 20 years' teaching experience and 10 years' research
experiences, a supervisor in the Action Education program, believed
that Keli is helpful and unique due to its emphasis on theoretical
upgrading and action follow-up, and also that theoretical notions can
be applied in classroom practice eﬀectively through conducting Keli.
He thought that, if the teachers are willing to be involved and the
principals are supportive, then action education is likely to go well. He
expressed these points as follows:
Interviewer: What are the essential diﬀerences between ‘‘Action
Education’’ and traditional teaching and research
activity?
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Mr. Yi:

The ﬁrst unique feature is emphasizing the learning of
new theories, ideas of curriculum, taking the Chinese
characteristics into consideration; thus, the theories are
helpful; second, it places a great deal of emphasis on
the integration of theory and practice. It is the key to
develop an exemplary lesson focusing on certain content. Third, it is practical to have certain variations of
the model of ‘‘action education.’’ In this way, the
model will be more useful and feasible.
Interviewer: In what ways do participating teachers beneﬁt from
Action Education [the Keli process]?
Mr. Yi:
Personally, I believe that teachers who participated in
the action education program could be helped in the
following ways: First, teachers learn and assimilate the
new theory and ideas. It is very weak in the traditional
teaching and research activity form. Second, it will advance the transformation from theory to practice
through designing, observing, revising, and reﬂecting
on the lesson, which facilitates applying the new ideas
and theory in the classroom. Third, it is also helpful
for participating teachers to improve their basic teaching skills such as teaching language, writing on blackboard, facial expressions, etc.
Feedback from a University Researcher
Mr. Wong, a researcher from a Normal University, who had about
10-years' teaching experience and held a PhD specializing in mathematics education, has been involved in the whole process of action
education, particularly working closely with Miss Mendy. Mr. Wong
expressed his reﬂection on Action Education in his dairy:
Reflecting on my role in the process of the Action Education program, I think I
have exerted positive influences in the following aspects: (1) Delivering new ideas
and learning and teaching theories for Keli. For example, I gave several speeches
to teachers at seminars or workshop. (2) Scheduling the implementation of Keli: I
usually suggest and help the teachers develop a plan for implementation of Keli,
and suggest to them what kind of information and documents they should collect
at the time. (3) Third, summarizing Keli: It is an important phase to summarize
the particular implementation of Keli. However, participating teachers and researcher at district college level are weak in theorizing and writing up the Keli process. At this stage, I usually play a key role in helping them in theorizing and
abstracting such as how to organize events to support the main findings, how to
effectively organize a paper suitable for publication.
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CONCLUSION AND DISCUSSION
We have described a new model of in-server teacher education program and how to implement this model in China. The analysis of an
Action Education program, employing the Keli process, has shown
that the model has some unique features: (1) emphasizing professional
learning and upgrading the teaching and learning ideas and theories;
(2) reﬂecting on or being in action; (3) revising design and enacting
new action; (4) Creating cases or narratives by teachers themselves. As
demonstrated in this paper and supported by other studies (Ball, 1996;
Wilson & Berne, 1999; Wood, 2001), these characteristics are
conducive to teacher learning and change in practice.
However, when implementing this model, there are some diﬃculties
that need to be tackled. For example, where do the qualiﬁed experts
come from? How to organize a practice community including teachers
and researchers? How to re-schedule the teaching program for doing
Keli without disturbing the normal teaching program? How to simplify the Keli model for use by teachers, so that the phases of the
model can be easily understood and implemented eﬀectively by teachers? Although there are some challenges in implementing the model, it
has shown the potential to enhance in-service teacher learning and
professional development in China. Nowadays, it is being promoted
by the central government in China.
Lesson Study, a well-established Japanese approach to examining
practice, that brings together groups of teachers to discuss lessons that
they have ﬁrst jointly planned in detail and observed unfold in actual
classrooms, was regarded as a promising form of professional development (Fernandez, Cannon, & Chokshi, 2003; Lewis & Tsuchida, 1998;
Stigler & Hiebert, 1999; Yoshida, 1999). The common features of both
Japanese Lesson Study and the Keli process are their common concern
with practical issues and the attention both pay to developing a particular lesson through collaborative lesson planning, classroom observation
and post-lesson discussion to tackle the particular issues in question.
However, the Chinese Keli process emphasizes the expertise stemming
from experts, the revision of lesson design and the consequent new
action. It also shows that the expert's roles and follow-up action are
important for participating teachers' professional learning and changes
in classroom practice, particularly, in contexts of extreme curriculum
re-form and implementation. Moreover, the written cases produced by
the community are very helpful both for participants to abstract their
theories and for readers to reﬂect upon and change their own practice.
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This model also shed insights on how to reﬂect and enact (Clarke
& Hollingsworth, 2002), and how to learn and facilitate within the
community (Zaslavsky & Leikin, 2004) through developing the Keli
process.
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NOTES
1

In this paper, Keli (Exemplary Lesson Development) refers to the Chinese process
of exemplary lesson development, which includes the whole process of preparing a
lesson, delivering a lesson, and post-lesson reﬂection on the actions and consequences
for the purpose of improving the lesson. The lesson will be taught at least two times
(to diﬀerent student groups) during the Keli process.
2
All the names in the paper are pseudonyms.
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